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Abstract

We present a dynamic model of liquidity management in which a firm coordinates payouts to
both a controlling insider and dispersed outside investors. The insider is subject to moral hazard
and the firm faces financing constraints. The insider’s performance sensitivity can lie above the
minimum required for incentive purposes, serving as a form of risk sharing. Agency problems
prevent some firms from attracting initial financing, while others may only do so with risk of
future failure. Volatile cash flows exacerbate moral hazard and, therefore, may reduce target
cash holdings and force the insider to cover a substantial portion of the initial cash balance.
Periodic access to frictionless capital markets allows refinancing and decreases a firm’s risk of
failure, but does not change the set of firms that can attract initial financing. Agency conflicts

lead to state dependent flotation costs as well as cash bonuses to the insider upon refinancing.
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Financial constraints play a key role for the investment, compensation and payout decisions of
both firms (Campello et al. 2010) and investment funds, such as private equity and venture capital
funds (Robinson and Sensoy 2013). The inability to raise external funds gives rise to internal
liquidity management in that firms structure compensation packages (Michelacci and Quadrini
2009) and accumulate cash (Bates et al. 2009) to avoid financial distress. At the same time, internal
cash holdings exacerbate agency conflicts as they serve as a larger pool of cash from which insiders
can divert (Jensen 1986). In this paper, we study how a firm optimally designs compensation and
payout policies when it faces both financing and agency frictions.

To do so, we develop a dynamic, continuous time model in which a insider maximizes the value
of a firm co-financed by dispersed outside investors (i.e., outside shareholders). We interpret the
insider-outsider relationship broadly. For instance, the insider can be the manager or CEO of a
firm financed by outside equity. Another interpretation is that the insider is the general partner
within a private equity or venture capital fund. The insider could also represent the private equity or
venture capital fund itself that affects firm performance, e.g., through its monitoring activity (Bloom
et al. 2015, Kaplan and Stromberg 2001). We assume that this insider is risk-averse reflecting the
notion that she maintains a concentrated exposure to the firm or faces private financial constraints.
Importantly, the insider can lend to the firm, for example, by means of foregone wages, direct cash
investment into the firm, or by pledging her firm ownership as loan collateral (Fabisik 2019), but
this source of financing is both costly and limited due to the insider’s risk-aversion. In contrast,
the firm’s dispersed outside investors are risk neutral but can only occasionally inject funds into
the firm. As both insider’s and outside investors’ ability to inject funds into the firm is limited, the
firm faces financial constraints. Financing constraints introduce the possibility of liquidation due
to running out of cash, and so give rise to liquidity management.

The insider is subject to moral hazard and can divert cash for her own consumption (Jensen
1986)." The agency conflict constrains the ability to mitigate financing frictions by means of the
insider’s payout scheme. To deal with the moral hazard problem, the insider’s payout scheme must
comprise both short-term incentives through exposure to cash-flow shocks and long-term incentives
through deferred payouts.

First, we find that risk-sharing and agency-frictions are closely intertwined. When a firm is

relatively well capitalized, agency-frictions determine the performance-sensitivity of the insiders

'In contrast, the firm’s dispersed outside investors do not directly affect firm performance (e.g., due to a free-rider
problem).



stake, and we have performance-sensitivity pinned to the cash-diversion parameter as is common in
the literature. In contrast, when a firm has low liquidity, risk-sharing considerations determine the
performance-sensitivity. The contract stipulates a performance-sensitivity in excess what agency-
frictions would require in order to lower the volatility of the firm’s cash-holdings to either avoid
liquidation (when the autarky value of the firms is negative) or costly temporary ownership of the
firm by the insider (when the autarky value is positive).

Second, even considering only positive NPV firms,? agency conflicts keep some firms from
attracting initial financing, while others are financed only under risk of subsequent liquidation.
Interestingly, which firms can attract initial financing from outside investors does not depend on
the severity of financial constraints and is soley determined by their feasibility in the second best case
in which financially unconstrained outside investors need the insider to run the firm. Furthermore,
which firms are at risk of liquidation is determined by the autarky value of running the firm to the
insider. If she is willing to operate the firm in autarky, then the firm is never at risk of liquidation,
as the insider provides financing under financial distress averting failure. Lastly, the expected time
to failure is a monotonically increasing in how close the firm is to a positive autarky value.

Third, the optimal cash payout boundary, which is also the firm’s starting cash balance, is non-
monotone in cash-flow volatility, the NPV of the firm, and in the severity of the agency friction.
When a firm is on the margin of attracting initial outside financing, for example due to high
volatility, low NPV, or high agency friction, the payout boundary is low, implying that the resulting
firm will be at imminent risk of failure. In this case, the insider is also required to contribute a
significant fraction of the initial cash-balance. As a firm’s feasibility increases,due to lower volatility,
higher NPV, or lower agency friction, the firm’s payout boundary increases, and its risk of failure
decreases. Finally, beyond a certain point, the payout boundary starts decreasing. Even though
the overall value of the firm increases monotonically, with lower volatility or higher cash-flow drift
risk-management considerations are dominated by economizing on the carry-cost of cash. At the
same time, the cash contribution of the insider shrinks, and beyond a point she is even able to
extract cash initially.

Fourth, introducing infrequent access to frictionless capital markets, we find that such refinanc-
ing opportunities lead to endogenous flotation-cost due to agency frictions: for intermediate and

higher levels of liquidity, the firm may not fully refinance to its payout boundary, in contrast to the

2Here, NPV is calculcated as the risk-neutral expectation, which is the first-best value of the firm when outsiders
are unconstrained and insiders have no moral hazard, i.e., cash-flow drift over the discount rate.



the optimal policy in models of pure liquidity management when there is no costs to refinancing, as
the insider’s agency problem requires additional payoffs. For low levels of liquidity, refinancing to
the payout boundary may indeed be optimal, but comes with cash bonus payments to the insider.
The intuition is that promising bonus payments conditional on refinancing, via promise keeping,
lowers required payouts outside of refinancing opportunities, thus preserving liquidity.

Notably, the presence of refinancing opportunities does not change the set of projects able to
find financing, but conditional on financing increases the set of firms that are never at risk of
failure as well as reduces the risk of failure for firms that are. The intuition is that improved access
to outside financing also improves the insider’s willingness to provide inside financing to the firm
under financial distress, which ultimately mitigates failure risk.

Our work connects two related yet until now separate strands of the corporate finance literature.
First, our paper adds to the literature on dynamic incentive problems. Recent contributions include
DeMarzo and Sannikov (2006), Sannikov (2008), DeMarzo et al. (2012), Ai and Li (2015), Biais
et al. (2010), Zhu (2012), Green and Taylor (2016), Varas (2017), He (2011), He et al. (2017),
and Marinovic and Varas (2019b). The innovation of our paper is that we consider a financially
constrained principal, i.e., the outside investors in our model.

Second, our model is linked to the theoretical literature on dynamic liquidity management within
firms. Here, Bolton et al. (2011, 2013), Décamps et al. (2011); Decamps et al. (2016), Hugonnier
et al. (2014), Gryglewicz (2011), Della Seta et al. (2019) and Hugonnier and Morellec (2017) are the
closest references. Unlike our paper, these papers do not study dynamic compensation schemes and
incentives. Our paper is also related to Abel and Panageas (2020) and Decamps et al. (2016). These
papers demonstrate that an increase in persistent cash flow risk may increase or decrease target
cash holdings. Unlike these papers, we find that the relationship between target cash holdings and
risk is non-monotonic in a stationary cash flow environment if moral hazard is sufficiently severe.

Our paper also adds to the literature on investor activism. Important contributions include
Admati et al. (1994), DeMarzo and Sannikov (2006), and more recently Marinovic and Varas
(2019a).

In addition, important empirical and structural papers on corporate cash management and
financial constraints include Whited and Wu (2006), Almeida and Campello (2007), Nikolov and
Whited (2014), Lamont et al. (2001), Bates et al. (2009), Hennessy et al. (2007), and Nikolov
et al. (2018). Closely related to our paper is Bolton et al. (2019) who analyze how to optimally

structure compensation, investment and payout policies. However, their paper does not feature



agency conflicts. Our paper also adds to the literature analyzing risk-sharing between firms and
their workers, such as the theoretical studies of Berk et al. (2010) or Hartman-Glaser et al. (2019)
or the empirical study of Guiso et al. (2005), who document that firms ensure their workers only

partially against cash-flow risk.

1 Model Setup

Time ¢ is continuous on [0, 00). We consider a firm that is owned by a risk-averse agent whom we
call the insider. At time t = 0, the insider designs a payout agreement that includes a security
she sells to competitive and risk-neutral outside investor (i.e., outsiders) and an inside stake within
the firm that she retains. We interpret the insider-outsider relationship broadly. For instance, the
insider can be the manager or CEO of a firm that raises funds by issuing outside equity or an
entrepreneur who raises outside financing to start a firm. Another interpretation is that the insider
is the general partner within a private equity (e.g., venture capital) fund. The insider could also

represent the private equity (e.g., venture capital) fund itself that affects firm performance.

Preferences. The common discount rate is » > 0. The firm’s outside investors are risk-neutral
and (for the moment) cannot inject funds into the firm after time zero. That is, we assume that
outside investors are diversified, have limited liability, and at the moment cannot buy additional
equity after time zero. In contrast, the insider is risk-averse with CARA preferences in that her
flow utility is given by
u(cr) = — = exp(—per)
p
with risk aversion coefficient p > 0 and flow consumption ¢;. Risk aversion reflects the notion that
the type of insiders we consider in this paper typically have relatively undiversified exposure to the

firm, that is, have concentrated ownership in the firm. Another interpretation is that the insider’s

risk-aversion broadly captures her private financial constraints.

Cash Flows and the Payout Agreement. The firm generates publicly observable and con-

tractible cash flows dX; each [t, ¢+ dt) with mean p and volatility o

dXt = Mdt+UdZt, (1)



where Z is a standard Brownian Motion. A payout agreement (i.e., contract) C = (Div,w) is
defined by a cumulative stream of dividends Div; promised to outside investors and a cumulative
stream of transfers w; promised to the insider, including dividends and transfers at the time of
founding (i.e., from t = 0~ to ¢ = 0). In the baseline version of the model, we assume that it is
not possible to raise external funds from new investors after the founding of the firm at time ¢t = 0,
for example, by issuing equity. That is, we assume dDiv; > 0 for all ¢t > 0, reflecting that outsider
investors can only inject cash into the firm from ¢ = 0~ to = 0. We relax this assumption in Section
4 by introducing refinancing opportunities after time zero. Because the outside investors are unable
to inject cash, all operating losses, dividends dDiv;, and transfers to (and from) the insider dw;
must come out of the firm’s internal cash balance, M;.

Besides payouts, two other factors affect the accumulation of cash: First, the cash within the
firm accrues interest at the rate r —46.> The wedge § > 0 represents so-called carry-cost of cash. The
Appendix 1.1 demonstrates how these costs can arise endogeneously as a result of agency conflicts.

Second, as in DeMarzo and Sannikov (2006), the insider can divert cash for her own private
benefit, where db; denotes the instantaneous cash diversion at time t. Thus, the dynamics of M,
are given by

th = [(T‘ — (s)Mt + M] dt + O'dZt — d.D’i’l)t - dwt — dbt (2)

Cash holdings cannot be negative, i.e., M; > 0, V¢t > 0. This implies that in case M; drops down
to zero, the insider must either inject funds or liquidate the firm. Liquidation thus occurs at some

stopping time 7 € [0, 00], and dDiv; = dw; = dX; =0 for all t > 7.

Moral Hazard. Cash-holdings M are publicly observable whereas cash-flow realizations X are
privately observed by the insider. The insider can inefficiently divert cash db; for her own use
in which case she receives Adb; dollars with A € [0,1). The insider’s cash diversion db is not
contractible and, if db; is of order dt, then db; is also not observable to outside investors.* At
any time ¢, the insider can abscond with the entire cash balance (i.e., dby = — M), triggering firm
liquidation. That is, the insider’s ability to commit is limited: the insider can only commit to
payout agreements that deliver at least the same payoff as she would obtain after absconding with

the firm’s cash-balance. The limited commitment assumption rules out that the payout agreement

3The assumption is standard in the literature and is needed to preclude degenerate solutions, in which dividend
payouts are indefinitely delayed.

41f db; is of order dt and hence infinitesimal, then in fact db; is not observable to outside investors. In contrast, if
db; is not infinitesimal, then outside investors can observe db;.



may stipulate punishment to the insider after absconding with the firm’s cash-balance.
The insider can maintain hidden outside savings (both positive or negative), denoted by S;.
Savings S accrue interest at rate r and are subject to changes induced by payouts dw;, diverted

cash db;, and consumption ¢;. This gives rise to the following
dSt == ’I“Stdt + )\dbt + dwt - Ctdt (3)

Endowing the insider with the possibility to accumulate cash savings is needed to ensure consump-
tion smoothing beyond any liquidation event. We normalize the insider’s initial savings position to
zero, i.e., So— = 0, and assume that S; adheres to standard regularity conditions, formally defined
in Appendix A. For simplicity, the insider’s savings are not subject to the carrying cost of cash
0 > 0. Indeed, the Appendix 1.2 demonstrates that the analysis and the results remain largely
unchanged if the insider’s savings are subject to the interest rate r — ¢ rather than r.

In practice, the insider can inject cash into the firm, for example, by means of foregone wages,
direct cash investment into the firm, or by pledging her firm ownership as loan collateral (Fabisik
2019), but this source of financing is costly and limited due to the insider’s risk-aversion. Accord-

ingly, cash contributions from the insider, dw; < 0, are possible yet costly.

The Optimal Security Design Problem. Given a contract C, the insider chooses consumption
¢ and diversion policies b to maximize her lifetime utility. Let U(C; Sp) be the insiders indirect utility
for a given contract C and a given level of (post-founding) savings S, i.e.,

Us = U(C; So) = maxE [ /0 h e_”u(ct)dt] | (4)

ct,bt

Given the inefficiency of diversion, it is without loss of generality to restrict attention to contracts
for which the insider finds it optimal to choose db; = 0. We call such contracts incentive compatible.

Including initial contributions dwg- and dDivy-, the optimal security design problem can then
be compactly written as

max U(C) (5)

such that C is incentive compatible. At inception at time zero, the outside investors contribute
in total —dDivg- dollars and the insider contributes —dwg- dollars. As the insider’s initial cash

positions and the payout processes start at zero, i.e., Sp- = Divg- = wg- = 0, the cash position



My of the company after inception is given by

MO = — [dD?:’Uo— + d’wo—] = P(] + (*SO) (6)
~—
Cash from outsiders  Cash from the insider
where the second equality follows from noting that concave utility results in smooth consumption
by the insider so that dwg = Sy — Sg- = Sp. The first equality uses that because financial markets
are competitive, the outside investors’ initial cash contribution —dDiv,- is equal to the competitive

price of the security the insider issues, Py.° That is,
Py =FE [ / e—”dmut] = —dDivy-. (7)
0

Note that —Sy = —dwy is the cash contribution (positive or negative) by the insider to endow the
nascent firm with a cash balance of My: when Sy < 0 the insider is contributing cash to the firm,
whereas when Sy > 0 the insider is extracting cash from the firm by transferring some of the sale
proceeds into her savings account. However, regardless of the sign of Sy, the insider will always

have skin in the game, i.e., a positive stake in the firm, due to promised future payouts.

2 Model Solution

In this section, we solve the model and derive the optimal payout agreement. First, we analyze the
insider’s problem and characterize conditions for the payout agreement to be incentive compatible.
Next, we show how to collapse the state space of the problem. We then provide a heuristic argument
that the security design problem we give in equation (5) is equivalent to one in which the insider
maximizes the value of the claim she sells to outside investor. Finally, we characterize the dynamic

optimization problem by an ordinary differential equation (ODE).

2.1 Incentive Compatibility and Promise Keeping

Define the insider’s continuation value at time t by

U :=E; [/ e u(es)ds| (8)
t

The security sells at fair value, so that outsiders are not able to capture any of the NPV of the project. This can
also be seen by rewriting E [fOT efrthivt] = —dDivy- < E [fOT, ethdDivt} =0.



To provide incentives, the insider’s continuation value is sensitive to firm performance dX; in that
dU; = rUdt — u(c)dt + Bi(—prU) (d Xy — pdt), 9)

with exposure to cash-flow shocks (i.e., pay performance sensitivity) ;.5

First, note that because the insider has access to a savings technology, she optimally smoothes
her consumption, implying that her marginal utility is a martingale. As shown in the Appendix,
the insider’s first order condition with respect to consumption given the access to a savings account
implies that u'(¢;) = —prUs > 0. Because in addition u/(¢;) = —pu(cy), it follows that u(c;) = rUy,
so that by (9), the insider’s continuation utility U; is a martingale. Second, let us define the
certainty equivalent W; as the amount of wealth needed that would result in utility Uy if the insider

only consumed interest on her wealth rW;, that is,

W, = M (10)
pr

Note that W; is the insider’s continuation value in monetary terms while U; is the insider’s contin-
uation value in wtility terms. One can also derive that due to u(c;) = rUy, it follows that ¢; = rW4,

in that the insider consumes the “interest” on her certainty equivalent.
Promise keeping constraint. Applying Ito’s Lemma to W}, we obtain

r
AW, = L(Bio)? dt+ fu(dX, — pdt) (11)

Risk-Premium
Because her payouts are sensitive to cash-flow shocks dX, the insider demands a risk premium, in

that W; has a drift equal to the required risk premium. Let Y; = W; — S} the insider’s deferred

compensation. Proposition 1 shows that:

Yi—E [ [ e (. - Z(ﬂscr)?ds)} (12)

t

and

A, = Yt + 2 (6u0)Pdt + Bu(dX, — pdt) — duw. (13)

5Formally, the existence of §; is guaranteed by the Martingale Representation Theorem.



Indeed, Y; is the present value of the insider’s future transfers dws for s > t adjusted for risk
and thus can be interpreted as the insider’s deferred compensation. We refer to Equation (13) as
the promise keeping constraint. It means that current transfers dw; must be accompanied by a
commensurate change in future promised transfers dY; (i.e., dY;/dw; = —1), in order to deliver the

promised value at time ¢ (i.e., Y;) to the insider.

Flow incentive constraint. We can now characterize the incentive compatibility conditions
that guarantee zero cash diversion. First, consider the insider’s incentive to divert one dollar from
the cash flow, that is, set db; = 1dt. In this case, the insider gains Adt dollars but also reduces cash
flow dX by 1dt dollars. By (11), her continuation value (in monetary terms) falls in response to

the diversion by S:dt, so that it is optimal not to divert from cash flow if and only if:

B = A (14)

Likewise, the insider does not find it optimal to boost cash-flow (i.e., db; < 0) as long as §; < 1.

Stock incentive constraint. Next, consider the insider’s incentive to divert a lumpy amount of
cash from the firm. At time ¢, the payout agreement promises deferred compensation worth Y; to
the insider. Notably, since the insider can always abscond from the payout agreement, the maximal
punishment she can receive is a loss in future payouts, worth Y;. Specifically, if the insider absconds
with the entire cash balance M;, she gains AM; and loses Y;. Therefore, incentive compatibility
requires:

Y; > AM,. (15)

Overall, (14) and (15) illustrate that, in order to deal with the moral hazard problem, the insider’s
payouts encapsulate both short-term incentives, by means of exposure cash flow shocks dW/dX = 3,
and long-term incentives by means of deferred payouts Y. Short-term incentives are costly, since
the agent demands a risk premium for being exposed to cash flow shocks. Long-term incentives are
costly because the insider requires a compensation for being paid later.

We summarize our findings in the following Proposition.
Proposition 1. Under a incentive compatible payout agreement C, the following holds:

1. U follows (9) and W follows (11)

2.'Y follows (13) with integral representation (12)

10



3. B € [\ 1] for allt > 0.

4. Yy > AM; for allt > 0.

2.2 Benchmarks

To gain intuition, it is useful to estabish two benchmarks: (i) the complete absence of any outside
investors, which we call Autarky or A, and (ii) outside investors without any financing frictions,
which we call Second Best or SB. In both cases, the firm holds no cash as the carry-cost 6 makes

it inefficient to do so.

Autarky Benchmark. First, recall the integral representation of Y; given in (12). For the case of
Autarky, the insider must absorb all cash flow fluctuations, i.e., 8; = 1 and dw; = dX; = udt+odZ;.
In the autarky benchmark, the firm (once initiated) is never liquidated and the insider’s deferred
compensation Y; and the outside equity value P, are both time-stationary, in that ¥; = Y4 and
P, = P4 for all t > 0. Plugging into (12) and evaluating the expectation under the assumption of
no default yields

yA_ B P sS4 = pA =, (16)

T 2

Also note that the insider will initiate (start) the firm in autarky only if the NPV of the project is

2
in excess of her full risk-premium @, that is, when Y4 > 0.7

Second Best Benchmark. Let us consider the case of the Second Best. Given that the outsiders
have no financial constraints and are risk-neutral, it is optimal to expose the insider to minimal risk
subject to incentive compatibility (14) as such exposure is costly, in that 5 = A. In the second best
benchmark, the firm (once initiated) is never liquidated and the insider’s deferred compensation Y;
and the outside equity value P, are both time-stationary, in that Y; = Y58 and P, = PP for all
t > 0. Further, the insider sells as much of the firm as she can, so Yy = 0 and Py > 0.® Setting

2
(12) equal to zero, the insider’s compensation dw must have a drift of p,, = w

to compensate
for her risk exposure. Thus, as the outsiders are the direct claimants to the residual cash-flows

(recall there is no cash in the firm) and the firm never defaults (incentives are from local variation

"Our convention is that NPV refers to the valuation risk-neutral financially unconstrained investors.
8Note that Yy = 0 does not imply that the insider has no exposure to firm risk — she does as 8 > 0. It simply
states that her expected value going forward from participating in the firm is 0.

11



in transfers dw and not from default), we have

2
Y8 =0 and B = pB = #_ POS

r 2 (17)

Only firms with PSB > 0 receive financing. It is clear that a firm that does not receive financing
in the second best scenario without financial constraints, also does not receive financing in the
baseline scenario with financial constraints. Therefore, to make the analysis interesting, we make

the following assumption:
Assumption 1. Parameters satisfy P52 > 0.

When there are no agency frictions and A = 0, the insider does not absorb any risk and the

PSB

second-best price is equal to the firm’s net present value NPV = .

2.3 The Optimal Payout Agreement

In the following sections, we analyze the full problem in the presence of outside investors and
financial constraints. We derive an expression for the value of outside equity that depends on the
three endogenous state variables of the problem: i) the insider’s certainty equivalent Wy, ii) the

insider’s savings Sy, and iii) the firm’s cash-holdings M,

2.3.1 Reduction of the State Space

We now provide a heuristic argument to reduce the state space of the problem. We verify this
argument in the proof of Proposition 2. Given the insider’s continuation value Wy, the insider’s
savings Sy, and the firm’s cash-holdings M;, the value of outside equity is given by a function
P(Mt, Wi, St). Because of the insider’s CARA preferences, there are no wealth effects. As such, W;
and Sy do not separately enter the problem and only their difference Y; = W; — Sy matters. Thus,
we are left with the two state variables (M, Y;), and the outside equity value can be written in the
form P(M;, Wy, S;) = P(M;,Y;).

Next, consider a state (My,Y;) = (M,Y) that lies in the endogenous state space, with positive
cash M > 0. Observe that at any time ¢ with (M, Y;) = (M,Y), the payout agreement can
stipulate that the insider either receives payouts M > dw; > 0 from the cash balance or injects
cash into the firm, i.e., dw; < 0. The insider is indifferent between all such transfers so long as they

are accompanied by a compensating change in Y;. More formally, in state (My, Y:) = (M,Y) with

12



M > 0, the promise keeping constraint (13) implies that the insider’s total payoff at time ¢, which
consists of current transfers dw; and the present value of future transfers Y; +dY; = Y; — dw; +o(dt),
is independent of dwy.

Because transfers dw change the cash balance M by dw, the insider is indifferent between
remaining at a point (M,Y’) in the state space and receiving a payout dw while moving to the
point (M — dw,Y — dw), as long as M — dw > 0. As transfers dw do not affect the insiders

value, they cannot affect the outsiders’ value function at the optimum either. Thus, P(M,Y) =

P(M — dw,Y — dw).
Change of variables. Next, we introduce the convenient change of variables
C=M-Y. (18)

Thus, we can write P(Y, M) = p(C,Y) for some function p. We can interpret C' as the net cash
position of the firm in that it is equal to the cash balance less the amount that accrues to the insider
by means of promised payouts. Note that because payouts dw reduce both cash balance M and
deferred payouts Y by the same amount dw, they do not affect the net cash position C' = M — Y.

Therefore, we are left with
p(C,Y) = P(Y,M) = P(Y — dw, M — dw) = p(C,Y — dw), (19)

with M > dw > 0 and M > 0. As a result, a%p(C, Y) = 0 implying that the outside equity value is
independent of the current value of Y. This means that we can express the outside equality value
p(C,Y) as a function of C only so that P(C) = p(C,Y) = P(Y, M) for all (M,Y) in the state space

with M > 0. By continuity, it also follows that P(C) = P(Y, M) for all (M,Y") in the state space.

2.3.2 The Optimal Security Design Problem Revisited

To translate the security design problem into a standard dynamic programming we problem, we
argue that maximizing the insiders payoff is equivalent to maximizing the initial value of outside
equity, P(Cy). The insider maximizes her lifetime utility (4) or equivalently her lifetime payoff in

monetary units Wy = W(C, Sp). Hence the insider’s problem at time zero reads:
max W(C,So). (20)
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Recall that her savings at time zero are equal to the difference between the amount she raises from
outside equity and the initial cash balance of the firm Sy = Py — My. Now note that the insider’s
total payoff is equal to the sum of her savings and her deferred payouts, that is, Wy = Sy + Yo,
and the net cash position of the firm is equal to the difference between the firm’s cash balance and
the insiders deferred payouts, that is, Co = My — Yy. Using these relations, the insider’s problem
is then equivalent to

HlélXP(Co) - CD. (21)

To solve this problem, we first dynamically maximize the outside equity value P(Cp) for a given

level of initial net liquidity Cy and then determine the optimal level of initial net liquidity, Cj.

2.3.3 The Hamilton-Jacobi-Bellman equation

We can now derive a Hamilton-Jacobi-Bellman (HJB) equation for the outside equity value and

use it to solve for the optimal payout agreement and liquidity policy.

State dynamics. Using equations (2), (13), M; = C;+ Y}, noting that by optimality db; = 0 and

¢y = rWy, we have
dC, = [(T —8)Cy — §Y; — %(@0)2 + pldt+ (1 B)odZ, — dDiv,. (22)

Two features of the dynamics of net liquidity Cy are worth mentioning. First, note that we can
rewrite the incentive constraint Y > AM = A(C+Y) to Y > % While deferring payments to
the insider through setting Y > 0 is necessary to maintain incentive compatibility, it requires the
firm to hold more cash, which leads to an additional carrying-cost of cash Y dt. Second, since cash

flow shocks affect both cash holdings and the present value of the insider’s payouts, the firm’s net

liquidity is less sensitive to cash flow shocks than cash, i.e., g—% =1-06<1= ‘Cilj‘)é.

Finally, note that it is always possible for the insider to decrease net cash C' by stipulating
positive dividend payouts dDiv > 0. In contrast, it is not possible to increase net cash C, as
dividends dDiv must be non-negative. Hence, C enters the insider’s dynamic optimization problem
as state variable. Because transfers to the insider dw are not sign-restricted, it is always possible
for the insider to increase or decrease Y as long as cash-holdings M are positive. Thus, Y becomes
a control variable for the insider’s optimization. Therefore, the outside equity value is a function of

C, P(C), as already argued in section 2.3.1. Also note that the insider’s transfers dw do not enter
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equation (22), but will be implicitly defined by the optimal choice of Y.

HJB equation. We derive the HJB equation for the firm’s outside equity value P(C') on the
endogenous state space [C,C] with C > C. We conjecture that dividend payouts only occur at
some upper boundary C, i.e., dDiv = max{C — C,0}. In optimum, outside shareholders must earn
expected returns W equal to their discount rate rdt. On (C,C), there are no dividend
payouts and an application of Ito’s formula yields
/ proo o a*(1-B)*

rP(C) = . {P (©) [(r —8)C =Y — £(80) + u] + P (0)} . (23)
Dividend boundary C. Note that it is always possible but not necessarily optimal to distribute
dividends dDiv € (0,C') to outside shareholders, in that P(C — dDiv) + dDiv < P(C). Taking
dDiv — 0, it follows that P'(C') > 1, meaning that the marginal value of liquidity always exceeds
one and that the outside equity value increases in net liquidity. At the dividend boundary C, the

marginal value of liquidity is identical one. That is, the dividend boundary satisfies the following

standard smooth pasting and super contact conditions
P'(C)=1 and P"(C)=0. (24)

Because of P'(C) > 1, the outside equity value increases in C' and, therefore, is low when the firm’s
liquidity C' is low. That is, the firm undergoes financial distress when C' is low and close to C,
whereas the firm is relatively unconstrained when C' is high and close to C.

As a further result, P"(C) < 0 for C < C in that the outside equity price reflects a risk
premium. Although the outside investors are risk-neutral, they are effectively risk averse due to
the possibility of financial distress. Dividends are therefore paid out exactly when the effective risk

aversion and financial constraints vanish.

Lower boundary C. Note that C' = 0implies M =Y = 0, in that at C' = 0, the firm has run out
of cash. Because the firm does not have access to outside financing through financial markets, at
C = 0, the following two scenarios are possible: either the firm is i) kept alive with inside financing

provided by the insider or ii) liquidated.

(i): The firm is not liquidated at C = 0. If Y4 > 0, the insider has positive private valuation
Y4 > 0 for the firm and liquidating the firm at C' = 0 is inefficient. Indeed, the insider
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can improve her payoff by financing the firm, until the firm’s cash-holdings are positive again
and the firm can be operated without financing from the insider again. The insider finances
the firm in exchange for an increase of her deferred compensation Y and her firm ownership
stake. As Section 5 discusses in more detail, there are instances with Y > 0= M, C = -Y,
and 0 > C > C. That is, the insider provides inside credit to the firm. For now, we assume

that net cash does not become negative and impose that C = 0. ?

To avert liquidation at C = C = M = 0, the insider covers the firm’s losses and absorbs
all cash-flow risk, hence i) the volatility of dC' must be zero and ii) the drift of dC must be
positive. These two requirements can be satisfied at C' = 0 if and only if Y4 = £ % > 0.
As a result, it is optimal not to liquidate the firm at C' = 0 if and only if Y4 > 0. Because
setting 8(0) = 1 is optimal when Y4 > 0, we obtain the following boundary condition

: 11 _
C1{11)013 (C) = —c0. (25)

Even though there is no risk of firm liquidation, the firm accumulates cash to avoid costly
financing from the insider. That is, the accumulation of cash allows to load-off risk from the

insider by setting 8 < 1 and thus facilitates risk-sharing with outside investors.

(ii): When Y4 < 0, the firm is liquidated at C' = 0, leading to the boundary condition
P(0) =0 (26)

with C' = 0. As liquidation entails deadweight losses and so is inefficient, the firm accumulates

cash to avert liquidation.

Optimal controls (Y, ). Next, from (23) we observe that it is costly to give the insider excess
deferred payouts due to the cash cost of carry. When C' > 0, then the incentive constraint (15) is

tight and
AC
Y=Y =—. 2
(€)= "5 (21)

9This assumption could capture that a firm’s shareholders lack commitment to honor their obligations to creditors.
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Figure 1: Numerical Example with exogenous lower bound C' = 0. The parameters are such that
Y4 > 0, in that the firm is liquidated at C' = C = 0.

Using M = C + Y, we obtain that M = M(C) = % Maximizing with respect to insider’s

incentives 3, the first-order conditions and the incentive compatibility constraint (14) imply that

B(C) = max{), B7(C)} where *(C):= pTP,(_C];NEC;,, 5

< 1. (28)

Increasing 8 not only provides incentives but also transfers risk to the insider and thus reduces the
volatility of C', as can be seen in (22). This is beneficial because the outside equity value reflects a
risk-premium.

We summarize our results in the following Proposition:

Proposition 2. Let C solve (7) and stipulate that C = 0. Then, the following holds true:
1. The outside equity value P solves (23) subject to P'(C) —1 = P"(C) =0
2. P is strictly concave [0,C) with P"'(C) > 0.

3. At C = 0, the firm is either (i) is kept afloat by the insider if YA > 0, in which case
lime o P"(C) = —oo, or (ii) liquidated if YA < 0, in which case P(0) = 0.

4. The firm receives financing at time zero if and only PSB > 0.

The total firm value is given P(C') 4+ Y (C), which is the sum of the value of outside equity (i.e.,
the outside investor’s stake) and the value of the insider’s deferred compensation (i.e., the insider’s
stake). Figure 1 presents the numerical solution of the model, plotting the outside equity value

P(C), the sensitivity §(C), and the insider’s ownership stake %CB(C) in the firm. We pick the
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parameters for the numerical solution following prior contributions in the literature (e.g., Bolton
et al. 2011), as discussed in Appendix A.

Finally, note that when P55 < 0 the firm is not financed, so that C' = 0. To see this, evaluate
the HJB equation (23) at the dividend payout boundary C' = C, and using the fact that P'(C) > 1,
we can show that the function C' > 0 if and only if PSB > 0. That is, in the presence of financing
constraints, a firm is able to attract financing at time zero if and only if it could also attract
financing in the second best scenario without financing constraints.

2
As a result, firms with net present value & < @ are do not receive financing at all, firms

2
with net present value £ ¢ (M, %

- 5 ) receive initial financing but face the risk of liquidation

(i.e., failure) at a later point in time, and firms with net present value £ > % receive financing and
are never liquidated as in addition to outside financing they receive inside financing under financial
distress. Thus, whether a firm can attract financing at time zero depends on the severity of agency
conflicts but not on the severity of financial constraints. While agency conflicts may prevent a
profitable firm from being financed at time zero, they do not affect whether a firm — conditional

on being financed at time zero — is subject to failure (i.e, liquidation) risk.

3 Analysis

3.1 Optimal Risk Sharing

In this section, we analyze how value is created through risk-sharing by investigating the insider’s
exposure [3, also referred to as pay performance sensitivity. Recall that in the Second Best, there is
no need to risk-share as the outside investors are unconstrained and risk-neutral, and thus optimally
the insider is only exposed to the minimal amount of risk that maintains her incentives, i.e., 8 = A.

To start with, consider a firm with no agency issues, i.e., A = 0, but financially constrained
outsiders. Optimal exposure is given by 3(C) = *(C). In this case, § is solely used for liquid-
ity management, as exposing the insider reduces the risk of the reserves to dC/dX = (1 — ).
Constrained outside investors become increasing risk-averse (P”(C) < 0), so that as cash reserves
dwindle, risk-sharing with the insider, even though expensive due to the insider’s constant risk-
aversion, becomes more prominent. Thus, 5*(C') decreases in C' (see Figure 1).

When both financial constraints and agency frictions are present, § will reflect both effects, (i)
liquidity management through risk-sharing and (ii) incentive constraints. When 5(C) = *(C) >

A, liquidity management considerations dominate, whereas when 5(C) = A > *(C), incentive
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considerations dominate. As Figure 1 illustrates, liquidity management considerations dominate
for low values of C, while incentive considerations dominate for higher values of C, so that 5(C)
(strictly) decreases in C' (for low C'). At the same time, the insider’s deferred compensation Y (C) =
% and her ownership stake %CB(C) both increase in net liquidity. In other words, the insider’s
long-term incentives captured by her firm ownership stake increases in C' (good performance), while
the insider’s short-term incentives as captured by 8 decrease in C' (after good performance), hence
the insider’s overall incentives become more long-term after good performance.

Last, payouts dw to the insider are implicitly defined as the residual that keeps Y = %

Imposing dY = ﬁd(}', we have dw = p,dt + o, dZ + &,dDiv with

pl@) = 5 [”; (B(C)0 + 225
7€) = (H52) o (29)
A
o=y

As a result, the insider covers losses dZ < 0 when oy, > 0, which occurs when 5(C) > A. In other
words, interim financing in response to cash-flow shocks occurs exactly when the risk-sharing con-
siderations outweigh the agency issues. Thus, the insider is less likely to provide interim financing
to the firm if agency issues are severe, yet more likely when the firm’s liquidity (i.e., cash-holdings)
is low.

We summarize our findings in the following corollary.

Corollary 1. Let C solve (7). Then, the following holds true:

1. There exists C' € [0,C) with aﬁgéo) <0 on [C',C). If o is sufficiently small, then C' = 0.

2. There exists unique C € [0,C] with B(C) > X\ for C < C. If X is sufficiently small, then
C > 0.

3. Transfers dw = p,(C)dt + 04,(C)dZ + &,dDiv are characterized by (29).

3.2 Cash Holdings, Agency Conflicts, and Risk

In this section, we discuss how cash flow risk and agency conflicts affect the target cash holdings
of the firm. To start with, recall that when i) Y4 < 0, the firm holds cash to avert inefficient

liquidation, and ii) when Y4 > 0, the firm holds cash to facilitate risk-sharing with outside investors,
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Figure 2: Comparative Statics of the expected time to failure, 7 := Eg7. In this graph, we consider
that Y4 < 0, so 7 < co. On the other hand, when Y4 > 0, then 7 = co. The dashed red line
denotes the locus Y4 = 0.

leading to positive target cash-holdings M. The target cash-holdings M = % are plotted in the
upper row of Figure 3. The target cash-holdings are proportional to C, so the comparative statics
coincides with the comparative statics of C' as long as we do not vary A. The firm’s target cash-
holdings M proxy a firm’s average cash-holdings, since the firm spends most of its lifetime in states
C (or M) close to C' (or M), as shown in Bolton et al. (2013).

In our model, the payout boundary M (or C) is non-monotonic in cash flow volatility o. The
intuition for this result is that an increase cash flow risk has two effects in our model. First, as is
standard, increasing ¢ increases the risk the firm will exhaust it’s current stock of liquidity, raising
the risk of liquidation or constraining efficient risk-sharing. Close to the payout boundary, this
effect increases the marginal value of cash, and thus delays payout. The new effect in our model is

that an increase in cash-flow risk ¢ increases the cost of providing incentives to the insider, reducing

the value of operating the firm. Due to moral hazard A > 0, this holds true even when there are

SB . . . . .
8150 > 0 if and only if A > 0. Hence, in response to an increase in

no financial constraints, in that
cash-flow volatility o, i) firm liquidation becomes less inefficient and ii) the gains from risk-sharing
with outside investors decrease. Either way, the benefits of hoarding cash to facilitate risk-sharing
with outside investors or averting liquidation decrease in o, reducing the target level M (and C).
When the agency problem is mild, that is, when the efficiency of cash diversion A or the volatility
of cash flows is small, the liquidity effect dominates the agency cost effect and an increase in cash
flow volatility increases the payout boundary. When the agency problem is severe, that is, when
both the efficiency of cash diversion A and the volatility of cash flows are large, the agency cost

effect dominates and an increase in cash flow volatility decreases the payout boundary. We also

show in Figure 2 that consistent with the above intuition, an increase in cash-flow risk ¢ increases
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the risk of liquidation by increasing the expected time to liquidation 7 = ET when Y4 < 0.

In addition, the payout boundary C (and the expected time to liquidation 7) decreases in the
extent of moral hazard A\ (when Y4 < 0). In contrast, the relationship between optimal cash
holdings M = % and the agency parameter \ is ambiguous, in that M increases in A\ for low
values of A\ and decreases for larger values of A\. The reason is that moral hazard affects target
cash-holdings in two ways. First, cash within the firm exacerbates moral hazard, reducing the
return to holding cash and therefore the optimal target cash-level when A > 0. Second, cash within
the firm is needed to be able to incentivize the insider by means of deferred compensation while
maintaining sufficient financial slack, increasing the optimal target cash-level when A > 0. More
severe moral hazard requires more deferred compensation Y, thereby increasing expected future
payouts to the insider. For a given level of cash M, this reduces the net cash position C of the
firm. That is, the provision of incentives by means of deferred compensation requires additional
cash holdings that collateralize the insider’s deferred compensation (i.e., stake) but do not improve
the firm’s liquidity position. For low levels of A the second effect (i.e., the agency effect) dominates,
while for high levels of A the second effect (i.e., the liquidity effect) dominates, thus M follows an
inverted U shaped pattern in .

Last, the payout boundary M is non-monotonic in p, while the expected time to default 7
increases in p. An increase in p raises i) the efficiency losses associated with liquidation and ii)
the gains of risk-sharing with outside investors, improving incentives to accumulate cash. On the
other hand, an increase in p also boosts average earnings and thus the drift of dC', thereby making

precautionary cash-holdings less vital. We formalize these results in the following Corollary.

Corollary 2. For the net-cash payout boundary C and the cash payout boundary M :

dC dM

1. %, % > 0 for o or X\ sufficiently small. T, %~ <0 for o and X sufficiently large.
2. 4 <.

3. % > 0 for p or X\ sufficiently small. % < 0 for p and X sufficiently large.

3.3 Initial Investments and Value Creation

Next, we will analyze in more detail how the presence of outside investors creates value beyond

allowing projects with net present value £ € (g (Ao)?, 502> to be initiated.
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Initial net cash position. First, to maximize the outside equity value, the optimal initial net
cash C§ position is found via (21). With P(C') defined by the solution to (23) and its boundary
conditions, we can now maximize w.r.t. Cy. Absent any constraints, the first-order condition yields

the optimal initial net cash position

Cy = arg max P(Cy)—Cy=C (30)
0

where we used P'(C) > 1,VC € [0,6) and the smooth pasting condition (24). Thus, the firm is

optimally endowed with an amount of net cash that positions it at the dividend payout boundary.

Initial cash contribution. At time zero, the insider sells a security worth P(Cy) = P(C) to the
outside investors. Even though the insider always has a positive initial continuation value Yy > 0,
she might or might not contribute cash initially. Her initial contribution is simply the negative of

her savings, —Sy. For any given initial position Cp, we have

S = P(Co) ~ M(Cy) = P(C) — - (31)

That is, when Sy < 0 (Sp > 0), the insider contributes/injects cash (takes cash out) at time zero.
We also analyze the fraction _WSOO of initial cash My that is contributed by the insider (rather than
by outside shareholders). In both the autarky and second best benchmark, there is no role for
cash-holdings. In the autarky benchmark, the insider retains the firm, in that 564 = 0, while in the
second-best benchmark the insider sells the firm for the price PB, in that SgB = PSB,

Next, let us investigate how much value is created by starting the firm. To this end, recall that
the value of the firm is given by P(C)+Y (C), i.e., by the sum of outside equity value P(C') and the
insider’s stake Y (C'). Then, we can express initial value created, APV, as the difference between

firm-value after founding and the initial cash outlay,

APV = P(Co) +Y(Co) —  (P(Co) = So) =Y (Co) + So = P(Co) — Co. (32)
—_ —_——
Firm value at t=0 Cash contribution at t=0

In the second best, we have YOSB = €SB =0 so that APVSE = SEB = PSB, whereas in autarky, we
have PA = 5A =0, so that APV = YA, Naturally, we then must have APVSE > APV > APVA

in any other scenario.
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Figure 3: Comparative Statics Initial Contribution Sp. The choice of the baseline parameters
follows prior contributions in the literature and is discussed in Appendix A. The dotted red-line

depicts the locus Y4 = 0.
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Initial stake. Finally, let us consider the insider’s initial ownership stake of the insider in total

Y (Co)

s BlCy) 1Y (G OF in other words, how much of firm value P(Cy) + Y (Cp) the insider

firm value
retains. There is a subtle distinction between this retention stake and continued ownership in the
firm. In fact, the insider’s stake evolves dynamically: even if the insider’s ownership retention
equals zero at some point in time (i.e., ¥; = 0), she might ownership of the firm at a later point
in time. The next section discusses the insider’s dynamic ownership and its relation to agency
problems more in detail.

Figure 3 illustrates the comparative statics with respect to o, u, and A. The top row of Figure 3
shows the comparative statics of —Sp (i.e., the insider’s initial contribution) with respect to (o, A, ).
For o and A (i), the right (left) edge of the graph is the point at which the project is only marginally
able to attract outside investors, that is, where P55 > 0 is just binding. We see that —Sj converges
to 0 from above as we approach the no-funding point at which P55 = 0. That is, projects with low
value to outside investors require the insider to contribute cash. Projects that are very valuable,
i.e., that have a high PSB, allow the investor to extract cash at founding. Overall, the insider is
more likely to contribute cash (take cash out) at time zero, when the magnitude of agency conflicts
A is high (low) or the cash-flow volatility o is high (low). The middle row of Figure 3 depicts
that the fraction of cash the insider contributes (i.e., —Sy/Mp) is high when i) agency conflicts
(M) are severe, cash-flow volatility (o) is high, or when the firm’s profitability (u) is low. Because
the insider is compensated for her cash contributions by a larger initial ownership stake in the

firm, the insider’s initial ownership stake in the firm YOX‘?PO is high when i) agency conflicts (\) are

severe, cash-flow volatility (o) is high, or when the firm’s profitability (u) is low (see bottom row

of Figure 3).

4 Refinancing Opportunities

In our baseline model, the insider can only raise financing from outside investors at the outset
of the model, i.e., at ¢ = 0. In this section, we relax this assumption and analyse the impact
that the possibility of refinancing has on the optimal payout agreement. To allow for refinancing
in a tractable manner, we assume that opportunities to sell claims to new outside investors are
infrequent and random as in Hugonnier et al. (2014). Over a short interval of time [t,¢ + dt], the
firm finds new outside investors with probability wdt, i.e., refinancing opportunities arrive according

to the Poisson process II; with intensity m > 0. Note that as m — 0o, we are essentially in the
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second best scenario. At refinancing times, the firm has unrestricted access to capital markets and
there are no further cost to refinancing — the firm can issue equity at a fair price to raise cash.
Further, we assume that the firm’s existing owners appropriate all the surplus that refinancing
generates. 10

In particular, when the firm raises an amount AM of cash from new outside investors, these
outside investors obtain equity worth exactly AM. In general, the payout agreement stipulates a
reward to the insider upon successful refinancing, dII; = 1. This reward consists of an increase
in deferred payouts, v, = dY;/dIll; > 0 with Y14 = Y; + v (if dII; = 1), and a cash bonus oy
paid out immediately. After paying a; the firm is left with newly raised funds A; := AM — ay, so
My ge = My+ A, (if dII; = 1). Note that while refinancing alleviates the firm’s financial constraints,
it also increases the cash balance from which the insider can divert and thus exacerbates moral
hazard. As a result, refinancing is subject to moral hazard and the rewards « and  are set to
provide sufficient incentives to the insider.

We derive the incentive compatibility that applies during the refinancing event. As a first, step,
note that in general, the payout agreement could stipulate that the insider contribute funds during
refinancing, leading to a lumpy cash contribution by the insider (i.e, dw = —a < 0). The following

Lemma shows that due to the insider’s moral hazard problem, o > 0 is optimal.
Lemma 1. In optimum: o > 0.

The intuition behind this Lemma is that the insider may due to her moral hazard problem
always renege to contribute funds during refinancing, so the stipulation of co-investment by the
insider (i.e., @ < 0) cannot resolve the moral hazard problem during refinancing.

The moral hazard problem is now as follows. When a refinancing opportunity arises over
[t,t + dt], that is, dIl; = 1, the insider may abscond with the total cash-balance M; + AM, just
after outside investors have contributed funds. Absconding yields i) a bonus payment, if oy > 0,
and ii) diverted funds AM; 4 = A(My + Ay), whereas complying to the payout agreement yields

payoff Yiia = Y: + v + 4. This leads to the incentive condition

MM+ Ay) <Y+ (33)

We see that a does not affect the incentive constraint (33), but it can nevertheless play a role in

107f new investors and existing investors were to split the surplus according to the Nash-Bargaining protocol with
respective weights 7,1 — 7, then the problem is equivalent to one where the arrival rate is altered from 7 to nm, so
that the choice n = 1 is indeed without loss of generality. See Hugonnier et al. (2014) for a more formal argument.
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liquidity management as we will discuss below. Hence, the appropriate incentives during refinancing
require promising the insider a sufficiently large deferred compensation package Y; + v just after
refinancing, implying that Y; or 7 must be large. Since the incentive constraint (33) tightens when
more funds A; are raised, the firm might decide to raise less funds due to agency conflicts. Thus,

at the optimum, (33) holds with equality and a; > 0, so as to minimize the agency costs associated

with the payout agreement. In addition, we consider in the following that ¥ = % is optimal, in
that (15) is tight.
The insider’s payouts can now be expressed as
r T 1 — e_PT(Oét“F’Yt)
dW = %(ﬁta)zdt + ﬁtO'dZ - [ or ] dt + (Oét + "}/t)dH (34)

Because the insider shareholders is paid a;47; > 0 upon refinancing, by promise keeping she requires
w[lfe_/’r(at"")’t)]

lower flow transfers, i.e., W; features a lower required drift by o

> 0. Essentially,
ay + ¢ > 0 shift some of the insider’s payouts from distress states towards states in which the firm
is flush with liquidity, but since the insider has CARA utility the drift adjustment is non-linear in

ot + ¥¢. The dynamics of C' then follow

dC = pedt + (1 — B;)dZ + (A — v4)dIT — dDiv (35)
with ( :
r |1 — e-Priatty
po = (r = 8)C = 8Y + = & (Bro)? + [ ] (36)
pr
By standard arguments, the HJB equation becomes:
/ 1 02(1 - 5)2
rP(C) = max P(C)uc +7[P(C+A—-~)—P(C)—A—a]+P'(C)————
BEAY > 25 ay,A 2

(37)
subject to (33) and the standard boundary conditions P'(C)—1 = P”(C) = 0 with payout boundary
C, ie., dDiv = max{C — C,0}. As refinancing opportunities are infrequent, financing frictions
(continue to) prevail so that the value function reflects a risk premium in that P”(C) < 0. We
characterize the optimal controls, denoted by «a(C), 5(C), and v(C), below.

Finally, we consider the lower boundary C, where we stipulate that C = 0. The boundary

conditions at C' = 0 depend on whether the firm is liquidated or not and are as follows:

1. The firm is not liquidated at C' = 0. To avert liquidation, the following two conditions must
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be satisfied at C' = 0: i) the volatility of dC' vanishes and ii) the drift of dC is positive. To
satisfy the first condition, it must hold that 8(0) = 1. Evaluating the drift of C' at C' = 0

under the assumption that 8 = 1, the second condition requires

pr o [l — e erle@0)]

0)=pu—— > 0. 38
po(0) = p—2o? + - > (39)

As setting 3(0) = 1 must be optimal, it follows that limg_,g P”(C) = oc.

2. The firm is liquidated at C' = 0. If (38) is violated, the firm cannot avoid liquidation at
C =0, and the boundary condition P(0) = 0 applies.

Proposition 3. Stipulate that C' = 0. Then, the following holds:

1. W evolves according to (34) and C evolves according to (35) for processes o, v, A

2. The outside equity value solves (37) on [0,C] subject to P'(C) —1 = P"(C) = 0. For
C =0, (26) holds, if T < oo is optimal, and (25) holds otherwise. Dividends are given by
dDiv = max{C — C,0}

3. P is strictly increasing and concave on [0,C')

For convenience, let us define the dynamic target refinancing level
C*(C):=C+ A(C) —~(O). (39)

Due to Y = %, (33) reduces to:
ACH(C) = C]

1(C) = 2A(C) = L

(40)

As a result, the optimization of the firm value becomes

_ / * . cr-C . 1 02(1 - 5)2
rP(C) = 52%17?1)7(0* {P Qe+ [P(C ) — P(C) T al + P (0)72 , o (41)
with YV = 2

4.1 Moral Hazard and Cash Bonuses

We now examine how the agency problem affects refinancing decisions. On one hand, as the

insider requires a reward by means of deferred payouts for incentive purposes, refinancing now
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Figure 4: Numerical Example with refinancing opportunities, 7 = 0.1. The choice of the baseline

parameters follows prior contributions in the literature and is discussed in Appendix A. The upper
panel uses A = 0.91. The lower panel uses A = 0.35.

entails agency costs. On the other hand, rewarding the insider during a refinancing event reduces

her required payouts before and so relaxes financing constraints. As a result, two scenarios are

possible: First, a scenario in which agency considerations dominate liquidity management ones,

and v > 0 = a.. Second, a scenario in which liquidity management considerations dominate agency

ones, and «,~ > 0. This is analogous to the risk-sharing versus incentive trade-off that surfaced

when we discussed the optimal £, but unlike there, the refinancing effect will operate through

trading off the drift versus jump loadings instead of the drift versus volatility loadings.

Agency dominates. Let us first consider the case where agency considerations dominate, so

that o = 0. Then, the insider’s reward is given by

AlC*(C) = C]

NC)=AA = ———

and o =0.

(42)
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The candidate C*(C') < C solves the following first-order-condition:

P(CH(0) =1+ % (1 - P’(C)e—wﬁ[C*(C)—c}) (43)

Flotation Costs

The candidate function C*(C) is indeed the equilibrium function if and only if

In(P'(C))(1—N)
prA

c-C> (44)
That is, only if (44) holds do we have have C*(C) < C and consistency with a = 0. Note that the
flotation costs of refinancing are state dependent and dynamically evolve over time. Even though
agency considerations dominate, stipulating v(C) = w > 0 decreases required flow payouts

to the insider and so induces risk-sharing benefits, increasing the drift of dC and thus lowering the

(effective) agency costs of refinancing.

Liquidity dominates. Suppose instead that condition (44) is violated. Then, it must be that
the candidate solution C*(C') > C in (43). But refinancing to any point above C would lead to
immediate dividend as well as transfer payouts to bring C down to C. In the following, we thus
"net out” the dividend payments'' to re-write this as a bonus cash payment a > 0, an increase in
continuation value v > 0, and a a target refinancing level C*(C) = C. Thus, liquidity management

concerns outweigh agency issues, leading to C*(C) = C,

AC -0) ~_ In(P'(C)) MC-0O)
T % and a(C) = e B (45)

(C) =

The intuition for why bonuses are used in addition to promised continuation value is as follows:
when the firm has low liquidity C, outside investors are very risk averse as P”(C) < 0. Promising
payments to the agent beyond the IC constraint (33) in the form of a > 0 does not affect the
IC constraint but increases the drift of C. Even though increasing the drift is costly — due the
insider’s risk-aversion, uc increases less than one-for-one with the expected bonus payments ma
— when the firm has very low liquidity this may be beneficial. In essence, by stipulating o > 0,
payouts to the insider are delayed until the firm is again flush with liquidity.

Figure 4 numerically illustrates the optimal refinancing policies, both under severe agency con-

flicts (A = 0.91; upper three panels) and mild agency conflicts (A = 0.3; lower three panels). In

" The dividend payments would simply be the outside investors paying dividends to themselves for no value gain.
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both cases, liquidity management and agency considerations shape the refinancing policies. In the
upper three panels of Figure 4, severe moral hazard leads to C*(C) < C and «(C) for all C, so
that agency considerations dominate liquidity management ones. However, the refinancing target
C*(C) follows a U-shaped pattern in C' and, in particular, is high under financial distress (i.e., for
low C), reflecting that the agency costs of refinancing are low under financial distress.

Under relatively mild agency conflicts (see lower three panels of Figure 4), liquidity manage-
ment considerations dominate agency ones when C' is low, whereas agency considerations dominate
liquidity management ones when C' is high. As a result, the refinancing target C*(C) is non-
monotonic in C' and the bonus payout «(C) decreases in C' down to zero. That is, for low C,
the refinancing target equals C*(C') = C and the insider receives a bonus payout a(C) > 0 upon
successful refinancing. In contrast, for high C, the refinancing target is low with C*(C) < C and
there is no bonus payout. Regardless of that financially constrained firms tend to raise more cash
upon refinancing as C*(C') — C' is monotone in C, as can be seen for example in the left panel of

Figure 4.12

4.2 Firm Formation, Liquidation, and Refinancing

Let us now investigate what firms can attract initial funding in a world with refinancing opportu-
nities. First, the set of firms that receive financing in the first place is independent of 7, in that a
firm receives financing if and only if PS8 > 0.3 That is, the bound to attract funding is the same
as in the Baseline, which was already identical to the one in the Second Best, (17), and clearly as
7 — oo our refinancing case converges to the Second Best.

Second, a firm is never liquidated if and only if (38), that is, when

b 1= eerla©)4(0)
pc(0) =u—%02+ [ }
pr

>0

holds. Note that the term in square brackets on the RHS of the second inequality is positive. Thus,
refinancing opportunities 7 > 0 expand the set of firms that are never liquidated (relative to the
baseline model without refinancing opportunities, 7 = 0). As a result, better access to outside
financing (i.e., higher 7) also improves the access to inside financing provided by the insider, which

ultimately helps to avert liquidation of a firm under financial distress. The reason is that better

128imply totally differentiate (43) w.r.t. C' and use P”(C) < 0 < P'(C).

'3The formal argument runs as follows. Evaluating the HIB (37) at C = C and imposing A = a = v = 0 as raising
any amount of cash would just lead to immediate payout of the same amount, we note that we are left with the same
funding bound (i.e., Y > 0) as in our no-refinancing baseline model.
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Figure 5: Model Outcomes at time zero w.r.t 7. When 1/7, then —So/My — —o0.

access to outside financing facilitates more efficient risk-sharing with risk-neutral outside investors,
thereby boosting the firm value and incentivizing the insider to keep the firm alive.

Note that differences to the Second Best and the Baseline arise once a firm finds its initial
funding: (i) the set of firms that can attract funding without the future possibility of default
expands, and (ii) even firms facing default do so at either lower likelihood of default and/or lower
cost of holding cash, thus leading to higher ex-ante valuations compared to the Baseline. As 7w
increases, we converge towards the Second Best, with both default and cash-holdings shrinking to
Z€ero.

Figure 5 illustrates the initial financing of the firm. On the horizontal axis we map 1/7, the
expected time between refinancing opportunities. The dashed red line in each of the panels is the
reference Baseline value from Section 2. Let us first discuss the left panel, which is the initial
cash contributed by the insider, —Sp. In the Baseline, the insider has to optimally co-invest with
the outsider to maintain initial incentives, in which case —Sy > 0. As refinancing oppportunities
improve and 1/7 decreases, we see that the insider is able to shrink his initial investment, until the
refinancing market is so liquid that he eventually is able to take out extract cash, in which case
—5p < 0. Related to this, the middle panel demonstrates that the fraction of initial cash contributed
by the insider (i.e., —Sy/Mj) increases in 1/7. Finally, consider the right panel depicting initial
stake in the firm by the insider. As financial market access improves, the insider is able to reduce

her initial stake in the firm.

5 Ownership dynamics and inside credit

This section endogenizes the choice of C for firms that are never liquidated, i.e., for firms with

Y4 > 0. To highlight the key economic forces at play, we conduct the analysis for 7 = 0, that is,
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Figure 6: Numerical Example with endogenous lower boundary C. The figure uses the baseline
parameters, except that it uses a lower cash-flow volatility o = 0.95 to ensure that Y4 > 0 < C < 0.

when there are no refinancing opportunities after time zero. The Appendix discusses the general
case with refinancing opportunities, m > 0.

To avert liquidation when cash reserves are exhausted and M = 0, the insider provides (inside)
financing (i.e., inside credit). In exchange for the funds she injects into the firm, the insider receives
additional deferred compensation Y and thus a larger ownership stake within the firm, leading to
Y > M =0 (ie.,, C <0). The maximal amount of inside credit is determined by the value of C,
which is endogenous and characterized below.

The firm’s financial slack stems now from both accumulated cash and the inside credit capacity.
In optimum, the firm finances its operations by drawing on its cash-reserves at certain times, while
taking inside credit at other times. That is, C > 0 > C, with payout boundary C. The firm holds
cash M > 0 and retains earnings to accumulate more cash when C > 0, until the liquidity level
reaches the dividend boundary C. Whenever C € [C, 0], the firm does not hold cash and financing
is provided by the insider. Thus, M = 0 and Y = —C and hence dY = —dC, whereby dC' evolves
according to (22). Intuitively, Y = —C' > 0 measures the amount of inside credit outstanding and
C — C captures the firm’s remaining debt capacity. Also note that because cash M cannot become
negative, it must be that dM = 0 and hence by means of (2), dw = dX. Thus, any earnings are
paid out to the insider to reduce the amount of inside credit outstanding.

Naturally, the value of deferred compensation Y that can be credibly promised to the insider
is bounded (due to Y (C) + P(C) < & and P(C) for C < 0), leading to the endogenous credit
limit Y(C) < —C < oo for C < 0. Notably, in optimum, this credit limit is equal to the firm’s
autarky value, in that C = =Y. The intuition is that to credibly promise the insider’s deferred
compensation Y (i.e., the repayment of the inside credit), the firm serves as collateral for the inside

credit. In turn, the insider is willing to provide inside credit up to her private valuation of the
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underlying collateral, which is given by the firm’s autarky value Y4.

Remarkably, the insider’s deferred compensation Y (C) and thus her firm ownership stake
% serves a dual role. After good past performance (i.e., when C' > 0), the firm holds
cash M > 0 and deferred compensation is necessary to mitigate agency problems associated with
free cash. After poor past performance (i.e., under financial distress), the free cash agency problem
disappears due to M = 0, yet the insider holds a ownership stake (i.e., Y > 0) that serves as
collateral for the inside credit she provides. As a result, the insider’s ownership stake in the firm
is high for high or low values of C (i.e., follows a V-shaped pattern in C'), which is illustrated in
Figure 6. When C reaches C, the insider takes full control, in that her ownership stake grows to
one for C' close to C'. By taking control, the insider resolves financial distress. Indeed, the insider
absorbs all cash-flow risk (i.e., S(C) = 1) and the firm’s net liquidity position gradually improves
because the drift of C' is strictly positive for all C' > C', thereby pulling the firm out of financial
distress.

In contrast, for firms with Y4 < 0, the ownership dynamics look different. When Y4 < 0,
the firm is liquidated once C' = 0 and the insider does not provide inside credit. As Figure 1,
the insider’s ownership diminishes, when the firm is close to default, and increases following good
performance. In addition, the insider never takes full control, in that her ownership stake in the
firm is at any time strictly smaller than one. The following Proposition 4 summarizes the analytical

findings of this section.
Proposition 4. Suppose that C' is endogenous. Then, the following holds:
1. In optimum, C = —max{Y 4,0} and C > 0.

2. When C < 0, then M(C) = 0 and Y(C) = —C. When C > 0, then Y(C) = 2% and

M(C) = 15

3. The outside equity value satisfies limc_,c P(C') = 0 and the insider’s ownership stake satisfies

. Y(C
limeo W =1

6 Conclusion

We present a model of liquidity management and financing decisions under moral hazard in which a
firm accumulates cash to forestall liquidity default. When the cash balance is high, a tension arises

between accumulating more cash to reduce the probability of default and providing incentives for
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the inside shareholder. When the cash balance is low, the firm hedges against liquidity default by
transferring cash flow risk to the inside shareholder via high powered incentives. This risk transfer
occurs even though the inside shareholder is risk averse and the outside shareholders are risk
neutral because default is costly. Firms with more volatile cash flows transfer less risk to the inside
shareholder and hold more cash. Agency conflicts lead to endogenous flotation costs related to the
severity of the moral hazard problem, even in a market with no physical cost of raising financing.
These flotation costs are state-dependent, lead to raising more than a static optimization would
imply, and sometimes even lead to large cash-payouts to the agent in case of successful refinancing.
Finally, because the inside shareholder absorbs part of the liquidity risk, the firm’s stock return

volatility can be non-monotonic in the level of cash and decreases in the severity of moral hazard.
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Appendix

A Parameters for the Numerical Analysis

We pick the parameters for the numerical analysis following prior contributions in the literature. We
choose the agency parameter A = 0.91, which is between 0.5 and 1 like in the numerical examples
of DeMarzo and Sannikov (2006). Similar to He (2011), we pick the risk aversion parameter p = 6.

Following Bolton et al. (2011), we pick the mean cash-flow rate u = 18%, the risk free rate
r = 6%, the carrying cost of holding cash § = 1% and the volatility of (scaled/adjusted) liquidity
reserves equal to 9%. Notably, in our model the volatility of liquidity reserves vol(dC) is time
varying and state dependent. It can be shown that the state variable C' is most of the time close
to the payout boundary C (see e.g. Bolton et al. (2013)). Close to the payout boundary C, our
model implies a volatility of liquidity reserves:

vol(dC) ~ (1 — N)o.

We therefore choose o = 1.025 and A = 0.9, so as to achieve vol(dC) ~ 9.3%, similar to Bolton
et al. (2011). In case we allow for refinancing, we set = = 0.25.

These parameters also imply that u < pro?/2 so that liquidation, 7 < 0o, is optimal under the
baseline paramterization.

B Preliminaries

B.1 Regularity Conditions

Uncertainty is modelled via a complete probability space (2, F,P) with filtration F = {F; : ¢t > 0},
generated by X and N, ie., Fy := 0(Xs: 0 < s < t). For any process ), adapted to F, we also
consider the left limit:
- =1 .
Vi ;%1 Vs

The left limit is formally needed as the cash diversion db; can potentially induce a jump in cash
holdings. The process {);-} is F predictable, i.e., adapted to:

.th = hm ‘-FS'
st
We further write:
E.[[] =E[|F]Vt>0 A z € {t,t"},
where E,[-] =: E[-] for z € {0,07 }.

Throughout the paper and for all problems, we impose finite utility for any consumption process
¢
E [/ em]u(cs)]ds] <ooVt>0
0
and square integrability conditions of dividend payouts Div and payments w:

t
E [/ e”dDz'vs}
0

2 2

t
< oo and E [/ e”dws] <ooVit>0. (B.1)
0
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Finite utility implies that

lim e U (") = lim e "'E [/ e "6 y(ey)ds| = 0, (B.2)

t—00 ) t

where Uy(+) represents the insider’s continuation value under any, admissible strategy, suppressed
for convenience. Condition (B.2) is also known as the transversality condition for the co-state,
when solving the problem by means of Pontryagin’s maximum principle (compare e.g. Williams
(2015)).

Next, note that

t t
Sy = / ") dp, — / e"=9)e ds + Soe™
0 0

for the consumption process ¢ specified by payout agreement C, while c¢ is the insider’s actual
consumption. Savings S corresponds to consumption ¢ and savings S to consumption c.
We impose the no-Ponzi condition for all feasible consumption processes ¢, ¢:

P(lim e S, > 0) = P(lim e "S; > 0) = 1.
t—o00 t—o00
Further, ¢, ¢ must satisfy the transversality condition:

lim e "Eu/(¢;)S; = 0 = lim e ""Eu/(c;)S; = 0 (B.3)
t—o0 t—o0
Due to finite utility it follows that marginal utility — which is proportional to flow utility — must
also be finite P-almost surely, so that one can disregard u/(¢;) in the transversality condition, which
leads to
lim e ™ES; = lim e "ES; = 0.
t—o0 t—o0

Combined with the no-Ponzi condition, it follows after invoking Fatou’s Lemma in fact that

P(lim ¢S, = 0) = P(lim e "S5, = 0) = 1
(e S =0 =Flg e 5%=0=1
which we refer to as the transversality condition, even though it emerges as a combination of
transversality and No-Ponzi condition. By the triangle inequality:

lim e Sy — S| =0 P —a.5. = lim e "¢ — ¢t =0 P — a.s.
t—»00 t—00

For technical reasons, we postulate that the process (3 is almost surely bounded, so that |5, < M
almost surely, i.e. P(|8] < M) = 1 for any t. The equivalence of the measures P,P* (to be
discussed in the next paragraph) ensures that the sensitivities are almost surely bounded under
each probability measure used throughout the paper. We assume M € Ry to be sufficiently large,
so that this imposed constraint actually never binds in optimum.

B.2 Change of Measure

To start with, fix a probability measure P, such that dX; = udt + odZ; with a F-progressive
standard Brownian Motion Z under the measure P. Take a progressive process b, that is absolutely

continuous and one can write db; = b0dt for some process b°. Define the process x via x; = % for
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all t > 0, almost surely. Further, let

6 =60 =ow ([ iz} [ dan).

Assuming that the so-called Novikov condition is satisfied, i.e.,

1 T
E [exp <2/ X?dt)] < 00,
0

it follows that £ follows a martingale. Given our restriction of bounded sensitivities, the Novikov-
Condition is evidently met. Due to E[§y] = 1, it is evident that & is a progressive density process
and defines a probability measure P? via the Radon-Nikodym derivative

Under the probability measure P?, the process Z° with

t X, — ut — [F0du
ZfZZt_/Xuduz it by
0

g

follows a standard Brownian Motion up to the stopping time 7. All measures {P,P® : b} are
equivalent for suitable absolutely continuous processes b, that satisfy the above stated conditions,
such that the measures share the same null sets.

Girsanov’s theorem is only applicable if b is absolutely continuous P-almost surely, in which
case Z% follows a Brownian Motion under PP,

C Proof of Proposition 1

We split up the proof into parts. First, we establish the representation of U by means of a stochastic
differential equation, given a payout agreement C. From there, we proceed to show the claim
regarding incentive compatibility.

C.1 Martingale Representation: Proof of Proposition 1 Part (1)

Proof. Let in the following C = (Div,w) represent the payout agreement, which — by assumption
— induces b; = 0 almost surely for all ¢ > 0. We denote the insider’s continuation value by

Uy = U(C) = By [ /t h e_T(s_t)u(cs))ds} .
Define N .
A =E, { /0 e”u(cs)ds] = /O e "Su(cs)ds + e " UL(C) (C.1)

By construction, {A; : 0 < t < oo} is a square integrable martingale, progressive with respect to
F under P. By the martingale representation theorem, there exist now F-predictable processes 3
such that

e"dAy = (—prUp-) B (d Xy — pdt)
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and therefore
ClUt = TUt—dt — U(Ct)dt + (—pTUt—)Bt (dXt — ,udt)

Having derived an SDE for U, we can use Ito’s Lemma to derive the law of motion of

—In(—
W, = W(Uy) = — Pl
pr
Direct calculations yield:
2
— U,
awy = 2B s ax, — pat) + MU gy
2 prU-

C.2 Proof of Proposition 1 Part (2)
The claim follows from the below Lemma. Define Y : =W — S.

Lemma 2.
Y; =W, — S; = E; [/OO e (s=t) (dws — p;(ﬁsayds)] .
¢
Proof. Take the SDEs:
dS =rSdt +dw —cdt, c=1rW
AW = %(50)%& + BodZ.

which — by our imposed regularity conditions and assumptions — admit unique strong solutions
S, W under the measure P. Calculate:

dY = dW — dS = ’;l(ﬁa)%t + BodZ — dw + rYdt.

On the other hand, take

Y; = E; [/too e (=) (dws - p;(ﬁsa)zdsﬂ .

By mimicking the arguments presented in the proof of Proposition (1) i), one can show that by the
martingale representation theorem, there exists a unique I progressive process v such that:

dy = %(50)% +yodZ — dw + Y dt.
Uniqueness (up to null sets) implies v = 8 almost surely, which ends the proof. O

C.3 Incentive Compatibility: Proof of Proposition 1 Parts (3) and (4)

The proof proceeds in several steps. Step I presents a Lemma that characterizes the insider’s
consumption smoothing. Step II introduces additional notation and puts structure to the problem.
Step III analyzes lumpy cash diversions. Step IV analyzes infinitesimal cash (flow) diversions of
order dt Step V verifies that local optimality conditions ensure global optimality.
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Step I. Here, we state an auxiliary Lemma:

Proof. We prove first the following auxiliary Lemma

Lemma 3. Fiz a F-predictable process ¢ and let S € R. Consider the problem

U; = max E; [/ er(St)u(cs)ds]
t

{CS}SZt

subject to dSs = rSsds + désds — csds, Sy = 0 and li)m e_T(s_t)|St -S4/ =0 a.s.

Next consider the problem

U, = max E, {/ er(St)u(és)ds]
t

{Es}szt
subject to dSs = rSsds + désds — ¢sds, Sy = S and 1511 e_r(s_t)|S -S4/ =0 a.s.

Then, ¢; + 1S = & and U] = e P"SUy;.

Proof. Suppose that there exists a process ¢ # ¢, which satisfies the transversality condition
lim, o0 e "D |S; — Si| = 0 a.s., such that

Ul(c) > Ul(é) = e PSU;.

Define the process ¢’ via ¢ = ¢, — rS. Then ¢” satisfies the transversality condition and

E; [/ e y(Nds| = eSUL({)) > Uy,
t

a contradiction. O

Next, we characterize the insider’s private consumption ¢ and provide necessary and sufficient
conditions for C to be incentive-compatible, in that b; = b; = 0 for all ¢t > 0 holds almost surely.

Step II. Write, db; = (b — b?)dt + db}, where b° and b? are absolutely continuous and almost
surely positive, i.e, write db; = bydt + db}, where b = max{0,b;} and b? = — min{0,b;}. Here, b°
corresponds to cash-flow diverted, while b? is the amount by which cash-flow is boosted by means
of the insider’s savings account. In the following, a “hat” above a quantity denotes that this is the
quantity under the zero diversion policy. That is, U, is the continatuon value of the insider that
never diverts, in that by = 0 for all ¢ almost surely. By contrast, U; is the continuation value under
some arbitrary diversion b. The proof is complete if we provide conditions that ensure U; = U,
almost surely for all ¢.

Let S the savings under the truthful policy, by = 0V ¢t > 0 and S; the savings under a potentially
different diversion policy b. Define A; = S — S, the deviation state with Ap = 0 and note that

dA; = rAdt + \bYdt 4+ Adb} — bidt,

where ¢ is such that S; = S; under by = 0V ¢ > 0, i.e. A; = 0 for all ¢, and ¢ the consumption
otherwise under a general process b.
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Let U the insider’s actual continuation value, so that

Ui(e) = Uy = B {/ e (e )ds|
t

where the expectation E? is taken under the measure P?, induced by the choice of b.
We rewrite for t < 7:

AUy = rU;-dt — u(cy)dt + (—prU-)Be(dZY + bydt — bidt).

Note that dZf = (dX; — pdt + b)dt —bZdt) / o is the increment of a standard Brownian Motion under

the measure P°. Define the insider’s (actual) certainty equivalent W; = W and Y; = W; - 5;.

Differently, the continuation value U under the truthful policy (zero diversion) follows:
AU, = rU—dt — u(é)dt + (—prU,=) BedZy,

where Z is a standard Brownian motion under the measure induced by zero diversion.

Step ITI. First, let us consider the insider deviates at time ¢~ through specifying M,~ > db; > 0,
so that db; & o(dt). Sy = S, + Adb}, yielding continuation value by Lemma 3:

7 —pridb}
Ue P t,

where U, is the continuation value stipulated by the optimal payout agreement upon a deviation
db}. The deviation is not profitable, if and only if

A 1
Ute—pr/\dbt < Ut—

On the other hand, recall the insider can always leave the firm and realize continuation utility of
at least
Ut_ eert*

in all scenarios. In particular, punishment is limited in that:
Ut Z UtfepT)/t_

Hence, incentives are optimized for
Up = Up-e/™e,

leading to the incentive condition
Ut* eiﬂ?ﬂ)‘db%epryt— < Utf,
ruling out db} > 0. This is equivalent to:
Y,~ > A\db}

and must hold for all db} € [0, M,-]. Hence, a necessary condition for the payout agreement C to
be incentive compatible is that Y;- > AM,;- with probability one for all times ¢ > 0.
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Step IV. Let us turn to strategies where db} = 0 for all ¢ > 0. Let ¢ > 0 and suppose the
insider follows the truthful diversion policy from time ¢ onwards, in that b) = 0 for all s > ¢. Also,
Lemma 3 readily implies that and ¢; = és + rA; for s > t. The payoff from following this strategy
is represented by the auxiliary gain process

¢
Gi\/‘[ = G'I{/V‘[(c7 b) = / e "u(cs)ds + e PR,
0

and by means of Lemma 3, it suffices to consider deviations of this type, which yield weakly higher
payoff than deviations of any other type. In addition, Uy = e ?"2tU, for s > t, so that

t
GM =GM(c,b) = / e "u(cs)ds + e U,
0

Next, note that the transversality condition and finite utility imply that |e ?"2U;| < oo almost
surely for all ¢ > 0, so that limy_,o E’e?"2te~"U, = 0 for any possible strategy of the insider.
This implies that the insider’s actual payoff equals

o0
Uy- = max P e "u(cs)ds = max E°GY = maxE® lim GM.
c,b0 0 c,b0 c,b0 t—00

By Ité’s Lemma:
eprAteTthéw
- <u(ct)epTAt —u(&) — prUp— (rAy + é — o + A — b2) — (—prU,=) By (b0 — bf))dt
+ (—prU,- ) BrdZy
= ¢ ()dt + (—prU,-)idZ}

Observe that, because B is bounded and finite utility is imposed, we have

t
W</e”%&w%%M4>=Q

0

for any absolutely continuous b. It is then evident that by choosing bY = b? = 0, ¢; = &, the insider
can ensure that A; = pl(-) = 0 for all ¢ > 0, in which case {G*(¢,0)} follows a martingale under
P with last element G (-), such that E|G(¢,0)| < oo due to the regularity conditions we impose.
Hence, by the optional sampling theorem:

Up- = maxE*GM (¢, %) > EGM (¢,0) = lim EGM(&,0) = Up-.

c,b0

Next, observe that the highest value that ,ui\é() can obtain given A; is given by the maximization
over ¢; and b, where the solution satisfies the following FOC:

u'(ct)e”)At = —prﬁt—,
which implies

u(er +1rAy) = rU;-,
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and b = b7 = 0 if and only if:
AApru(c)e” ™ — AprU,- + (prU,-)B; < 0 and
Apru(cy)e”™ ™ + prU,— + (prU,-) B, < 0.

If C is such that r(A]tf e~ Prit — u(éy) and 1 > Bt > X hold for all ¢ > 0, it follows ¢; = ¢ and
b) = b} =0 for all t > 0, in which case Ay = p%(-) = 0. Indeed, because the deviation gains are
concave in the state A, the first order conditions are sufficient.

Step V. Hence, any other strategy tuple (c,b°) makes the process GM (c,b°) a supermartingale
under the measure P?, i.e.
Uy- = GY(¢,0) > EPGM (¢, 0")

Because our regularity conditions ensure that G (c, ") is bounded from below, we can thus take
limits on both sides and apply optional sampling to obtain

Up- > lim E°GM(c,1°) = E® lim GM (¢, b°) = E*GM (¢, b°)
t—o0 t—o00
and in particular X
Up- > m?oxIEng(c, v0) = Up-.
While we focused on strategies (c,0,b°) and (¢&,b',0) separately, note that

Uy- > machng(c,O,bO) and Uy- > mzlmx}Eng(é, b, 0) = Uy- > max E*GM (¢, b, 00).
C,b b C,b 7b

This is because the maximal utility the insider can obtain at time ¢ equals e ”"*tU,— under any
consumption ¢, while the deviation utility is given by

e*pr(AtJr)‘dbzl)ﬁt
which is smaller than e=?"2¢U, if and only if Y;- > AM,- by Step II.
Therefore, Uy- = Up- and (e, by) = (&, 0) for all ¢ > 0 is the optimal strategy for the insider if
and only if 1 > 8, > A\, rUs;— = u(é), Y- > AM,— are satisfied for all ¢ > 0 with probability one.

In this case, the payout agreement C is incentive compatible and the consumption path as desired.
In particular, 5 = 8 and U = U almost surely, which concludes the proof. O

D The Outside Equity Value: Proof of Proposition 2

The following Section aims to maximize the value of the outside equity claim:
T
PO =K |:/ e_rthivt + G_TTL s
0

over all incentive compatible payout agreements C. Here, the endogeneous stopping time

7 =inf{t > 0:dDivs =0 a.s. Vs>t}
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is the “liquidation/termination” time. In equilibrium, 7 is adapted to F. The proof follows a guess
and verify approach.

First, we conjecture the shape of the optimal payout agreement and obtain that the outside
equity value under the optimal payout agreement solves a partial differential equation with three
states (M, W,S) on an endogeneous state space.

Second, we show that given this conjecture, we can reduce the dimensionality of the state space
and show that the outside equity value solves a ordinary differential equation with state C'. We
also show that the state space is bounded.

Third, we verify that the conjectured shape of the payout agreement is indeed optimal.

D.1 Partl

Let P the outside equity value under the optimal payout agreement C. Per se, the endogeneous
state space M* is three dimensional and we have to keep track of three state M,W,S. Given
shareholders’ risk-neutrality, it is natural to conjecture that payouts Div follow a bang-bang policy
and reflect states into the interior of the state space M™.

Thus, by the dynamic programming principle, P must solve the PDE

rPWM.S)dt= | mux 4D+ EMP(LW,S) (.1)
B>\, dweZ,dDiv>0

in the interior of the state space M*. To save on notation we write the HJB-equation in differential
form. The term dP(M,W,S) can be expanded by Ito’s Lemma. Here, wages dw are subject to an
arbitrary constraint Z. Thus, in the interior of M* the following HJB-equation holds:

rP(W,M,S) = max E[dP(M’W’S)]. (D.2)
B>\, dwel dt

It is beyond the scope of the paper to provide a formal existence and uniqueness proof for a solution
to (D.2). Therefore, we assume throughout the remainder:

Assumption 2 (Existence, Uniqueness & Smoothness). The PDE (D.2) admits a unique solution
P € C?. The solution P is twice continously differentiable.

Assumption 1 implies that — owing to sufficient smoothness — (D.2) also holds on the edges
of M* and so holds on the entire state space.

D.2 PartII

Due to the absence of wealth effects, one can show that the value function takes the form P(M,Y") =

P(M,W — S) = P(M,W,S). This relationship is established in the below Lemma:

Lemma 4. Let ]—:’(M,AVV, S) € C? the outside equity value under the optimal payout agreement C,
solving (D.2). Then P(M,W,S) = P(M,W — S) = P(M,Y) for some function P € C? on the
state space.

Proof. The proof proceeds by a guess and verify approach. Let us merely conjecture p(M JW,S) =
P(M,Y) and show that such a function solves (D.2). By postulated uniqueness, this completes the
proof.

In the following, a subscript denotes the partial derivative wrt. to the respective variable and
we omit the argument of the function P(-) to avoid clutter. Note that

~

Py =—Pg = Py. (D.3)
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As this is an identity in the interior of the state space M, we can differentiate, so as to obtain:

Pys = —Pgg=—Pyy (D.4)
Pww = —Pws = Pyy. (D.5)

To get a better overview, let us review the SDEs that determine the law of motion of (M, W, S)
under an incentive compatible payout plan and in the interior of the state space, i.e., db = dDiv = 0:

dM = ((r — 6)M + p)dt + odZ — dw
dS =rSdt+dw —cdt, c=rW
AW = ’;l(ﬁo—)?dt + BodZ

dY = dW — dS = %(50)% + BodZ — dw + rYdt.

Rewriting:
dS = —rYdt + dw

and expanding in (D.2), evaluated under the optimal controls, the term EdP by virtue of Ito’s
Lemma yields:

dt dt
1 - - dw, d - dw,dZ
+ =X wa(ﬁ0)2+P557< bk w>+PMM 0'2——0< ek =
2 dt dt
— < dw,dw > +0 < dZ, dw > < dw,dZ > Bo
dt dt ’

rP = Py [%(ﬁa)ﬂ + Py {—TY + Mw] + Py [(T —O)M + p— Edw}

+]3MS +PMW/B(72+]3WS

where < -, > denotes the quadratic variation of two processes (e.g., < dZ,dZ >= dt).

Note that controls dw and 8 depend on the value function and its derivatives by the HJB-
equation (D.2). By the hypothesis P(M, W, S) = P(M,Y), it follows that dw and § therefore only
depend on (M,Y). After substituting higher order derivatives of P by higher order derivatives of
V by means of (D.3) and (D.4), one observes that the right-hand-side of the HJB-equation does
not depend on (W, S) but on Y only. Thus, also the left-hand-side also is only a function of (M,Y")
only, thereby confirming the guess that P solves (D.2), which concludes the proof. O

Thus, the outside equity value solves:

B Edw Pyy | 5 <dw,dw > —0 <dw,dZ >
rP = dwg\??éz/\ {PM <,u+ (r—90)M 5 ) 5 [0’ + 7 ] (D.6)
pr o Edw Pyy | < dw,dw > -0 < dw,dZ > 9
+Py(rY+ 5 (Bo)” — — ) 5 [ i + (Bo)
— 1
Py << dw, dw > (5; Yo < dw,dZ > +602> }

In the following, we show that the state space is in fact a one-dimensional manifold, i.e., is one-
dimensional.
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D.3 Part III

Let us define C := M — Y and rotate the state space M = {(M,Y) : 3 ¢t s.t. P(My,Y:) =
(M,Y) > 0} to M* = {(C,Y) : 3¢t st. P((C,Y:) = (C,Y) > 0}. Clearly, on the interior of
M*, dividend payouts are zero. By the previous part, with slight abuse of notation, there exists a
function P(C,Y’) that equals the outside equity value at time ¢ > 0 with (C; = C,Y; =Y).

Define for any point (C,Y):

Y
= Y = —
p=9(CY) =57
One can readily calculate that C solves the SDE:
0 pr 9 .
dC = |(r— T o Cdt — ?(50) dt + pdt + (1 — B)odZ — dDiv. (D.7)
Therefore, the outside equity value solves therefore:
5 o (1 - B)?
pP= P -— - — ———P D.
r ¢75>I{\17%<M{ C<<T 1—@)0 2(50) +M)+ 5 cc (D.8)

pr 2, Edw
—I—Py<1"Y—|— T (Bo)%dt — == )

Pyy [< dw,dw > —fBo < dw,dZ >

+2 dt

. (BO_)Q] | py 00— 0) <dwdz >}'

dt

It also follows that P € C?.
The following Lemma demonstrates that this function only depends on C.

Lemma 5. The function P solving the PDE (D.8) only depends on C.

Proof. Define for any point (C,Y):
Y
p=p(CY)=+

and note that incentive compatibility requires ¢ > A. For any interior point (C,Y) € M* with
Y > AM, the firm’s value function is given by (D.8). In the interior, Y > AM so that one can
move by setting dw = ¢ for |¢| > 0 sufficiently small implying that:

S

P(C,Y —¢) = P(C,Y)

for |e| > 0 sufficiently small. Hence:
Py =0

for all (C,Y) € int(M*) which readily implies:
FPey = Pyy =0
on int(M*). By continuity:
Py =Poy = Pyy =0V (C,Y) € M*.

Thus, (D.8) becomes

rP= max {Pg <<r - 15¢> c— %(50)2 + u) + MPCC}, (D.9)

B>, 0>\ 2

48



Assume that ¢(-), 5(-) only depend on C, i.e., is are function of C. Then, the RHS of (D.9) only
depends on C' and so does P. Conversely, if P only depends on C' its derivatives do so as well.
In this case, 8, ¢ are functions of C. As a result, P only depends on C, thereby concluding the
proof. O

D.4 Part IV

The next Lemma shows that we have M; > Y; with certainty in case Cy > 0. Thus, given a starting
value Cjy > 0 the set of states reached with positive probability is also contained in the non-negative
real line Ry in that P(Cy > 0 V¢t > 0|Cp > 0) = 1.

Lemma 6. If Cy >0, then P{Y > M} =P({C < 0} =0.

Proof. Suppose that at time ¢, the state is Cy = C' > 0, implying that M; > Y; > 0, as ¥; < 0
violates incentive compatibility. Then, the outside equity value solves the HJB-equation

B 1) or 9 02(1—5)2
rp_ﬁgio)(zA{Pc<(r_l—<p)C_ 2(60) dt+u>+ 5 Poe oy,

and note that dividend payouts dDiv > 0 are always possible but not necessarily optimal, implying
that Po > 0. Hence, optimally ¢ = A, so that for all C > 0:

Y =AM < M.

Next, recall that by hypothesis Cy > 0 implying that My > Yy > 0. Define t) = inf{t > tf)_l :
M,- = 0} recursively as the i’th time cash-holdings M are equal to zero. Set tJ = 0 and note that
due to Cp > 0 it must be that P(t} > 0) = 1.

Recall that we have shown that Y; = AM; < M; whenever C; > 0. That is, Y; = AM; < M;
for all ¢ < t} so that by continuity Y; = M; = 0 at time t}, i.e., t} = inf{t > 0: C,- = 0}. Two
scenarios are possible at time ¢t = t(l].

First, the firm is liquidated, in which case 7 = t(l) = tf) Vi>1and dX; =dM; = dY; =0 for all
t> t(l), as desired. Liquidation yields at least outside equity value zero, P, > 0.

Second, the firm is not liquidated in that 7 > t[l). As M; cannot fall below zero, it must be at
time ¢ = t} that:

vol(dM;) = 0 = vol(dw;) = o. (D.10)

As Y; cannot fall below zero, it must be at time ¢ = ¢} that:
vol(dYy) = pro — vol(dwy) = 0 = p; = 1. (D.11)
Hence, at time t = t%, we have that:

dCy B pro?

oM

The firm value in this scenario is given by:

which must be greater than zero, as liquidation is sub-optimal. Owing to P > 0, it follows that
dC/dt > 0 at t = t}, so that C; does not fall below zero. A standard induction argument wrt. to
i > 1 implies the assertion P({C < 0}) = P({Y > M}) = 0. This concludes the proof. O
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Lastly, we demonstrate that Cy > 0.
Lemma 7. Cy > 0.

Proof. The proof is an accounting exercise. Outside investors contribute Py > 0 dollars at inception.
The insider contributes Yy —d dollars and has continuation value (in monetary units) Yy, with values
Yy > 0 and d to be determined in optimum. Thus, initial cash holdings equal:

My=PFPy+Yy—d
so that
Co=My—-Yy=PFy —d.

The insider’s payoff (in monetary units) equals:
Yo— (Yo—d)=d=Py— Cp.

By our previous steps, Py = P(Cp) and because dividend payouts are always possible but not
necessarily optimal, it must be that

P(C—-A)+A<P(C)
for A > 0 sufficiently small on the interior of M*. Hence: P'(C) > 1. Thus:

od
— =p —-1>
5Cy (Co) >0,

so that Cy > 0 is optimal. O

Hence, we have shown that Cy > 0 for all t > 0.

D.4.1 Part V

Initially, in Part II, we have conjectured that the optimal dividend policy reflects back into the
interior of the state space. Given that the space is one dimensional (see Part III and Part IV) and
bounded below from zero (see Part V), dividend payouts Div take the form dDiv = max{C —C, 0}.
At the reflecting boundary, the standard smooth pasting and super contact conditions must hold
in that

P'(C)-1=P'(C)=0.

Next, we can establish the concavity of the value function.

Lemma 8. P solving (D.9) on [0,C] subject to P"(C) = P'(C)—1 = 0 is strictly concave of [0,C).

In addition, P"'(C) > 0 on [0,C].

Proof. Take the ODE (D.9) and invoke the envelope theorem to differentiate the ODE wrt. C.
This yields after rearranging (under the optimal controls):

P///(C) _ (1 _l23>202 % <5f/_(i) —P”(C),UC>

At the boundary we have that P”(C) = 0 and P'(C) = 1 so that P”(C) > 0. Hence, P(C)" >
0 > P"(C) in a left neighbourhood of C.
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Let us assume to the contrary that P is not strictly concave on [0, C) and define C' = sup{C €
[0,C] : P"(C) > 0}. By assumption, the set over which we take the supremum is non-empty, so
that C is well defined with C' < co. As P”(C) < 0 in a left-neighbourhood of C, we also have
that ¢ < C. Due to continuity, P”(C) = 0 so that P”"(C) > 0. Hence, there exists C' > C with
v"(C) > 0, a contradiction to the definition of C. Hence, P” < 0 on [0, C).

If now P”(C) < 0 for some C, then it must be that uc < 0. However, due to P"(C) < 0, it

follows — by means of (D.9) — that P(C) < 0, a contradiction. Thus, P”" > 0 on [0, C], which
concludes the proof. O

Concavity implies that P'(C) > 1 on [0, C] with equality only at C.

D.4.2 Part VI

In the beginning of the proof (i.e., in Part I), we have conjectured that the outside equity value
P under the optimal payout agreement C solves (D.2) on the interior of the state space and that
dividend payouts reflect back into the interior of the state space. Given this conjecture, we have
shown that the state space can be reduced to [0,C] (in that C never leaves this interval), that the
outside equity value solves(D.9) and that dDiv = max{C — C, 0}.

Lastly, we verify that P solving (D.9) subject to P(C) — 1 = P”(C) = 0 indeed represents the

equity value under the optimal C.

Lemma 9. Assume that outside equity holders recover L > 0 upon liguidation at time 7. The
outside equity value P = P(C) under the optimal payout agreement C solves (D.9). The optimal
payout agreement C stipulates dDiv > 0 if and only if P'(C) = 1 and payments w are characterized
by (B, ¢) determined through (D.9).

Proof. We verify that P(C;-) solving (D.9) indeed represents outside equity value in optimum,
which proves the Lemma. To start with, note that given the proposed dividend policy dDiv =
max{C — C,0} it follows that C never leaves [0, C]. Because P'(C') = 1 and P is strictly concave
on [0,C), we have P'(C) > 1 for C € [0, C] with equality only at C

Let C = (Div,w) € C the optimal payout agreement consider any other payout agreement
C = (Div,w) € C. Let us for brevity rewrite the SDE for C:

dCt == /Lctdt + O'thZt - d.DZ"Ut

with

o) T
pot = <T_ 1 >Ct—+u—p(ﬁt0')2 and oy = (1 = B¢)o,
— Pt 2

where we suppress the dependence of drift and volatility on controls and model parameters. In-
troduce the linear functional £, operating on functions dependent on C' > 0 with Lf(C) =

2 f1
f(C)uc+ %(C) Define for t < 7 the auxiliary gain process upon following an arbitrary strategy

induced by a payout agreement ¢ up to time ¢ and then switching to the strategy induced by the
payout agreement C

t
GP = GP(C) = / e~ dDiv, + e " P(C,- ).
0
By It6’s Lemma:

e"'dGf = {~rP(Cy-) + LP(Cy-) Ydt + (1 — P'(C,-))dDiv + oy P'(Cy-)dZ;
= uf(C)dt + (1 — P'(Cy-))dDiv + o1c P (Cy-)dZy.
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By the HJB equation (D.9), the drift term in curly brackets, i.e., u&(C), is zero under the
optimal controls induced by the payout agreement C, while each other strategy/ payout agreement
will make this term (weakly) negative, implying that p; (C Dzv) < 0. Because the process Div is
almost surely increasing and the fact that P'(C;-) > 1, the term (1— P'(Cy-)) is (weakly) negative
under any dividend payout policy Div and zero under the payout policy Div.

Next, our regularity conditions ensure that 3 is bounded and so is o¢. Further, P/ and P must
be bounded over (0,00). Evidently, P < p/r. If now P’ were not bounded, then P could not
be bounded either; in addition, the assumption that P is twice continuously differentiable on the
whole state space already implies a bounded first derivative. Hence, there exists oo > K > 0 with

P, P' < K. Hence:
t
IE( / e‘”atcP'(Ct)dZs> ~0
0

for all ¢ < 7. Therefore, GF(C) follows a supermartingale, while G*(C) follows a martingale under
the measure [P and so do the stopped processes {GP(C)inr} and {GP(C)¢nr}. Hence, the payoff Py
under any payout agreement C satisfies

P(Cy-) =G (C) > EGE_,(C)

Then it follows for any t:
P(Cy-) = IE(/ e " dDiv, + (f”L) =EGP(C)+e L
0
= E<Gt/\rf (é) +1g<n) [/ e "*dDivg + e "L — e”P(C’t)})
t

—EGL,(0) + € "Bl jar) ( [ e vabiv, ¢ e L - P<ct>>
t
< P(Cy-) + e (ufr — L),

where we used the supermartingale property and the fact that

Et( / 0 dDiv, + e‘T(T_t)L> =
t

and P(Cy-) > L

From the above arguments, we readily obtain P(C’O_) < P(Cy-) for any payout agreement C.
On the other hand, under C the outside equity value P(Cy-) achieves P(Cy-), as the above weak
inequality holds in equality when ¢ — oco. This concludes the proof. O

D.5 Part VII

The following Lemmata characterize the optimal liquidation policy 7, which concludes the proof.
Define t; = inf{t > téfl : M~ = 0} recursively as the ¢’th time cash-holdings M are equal to
zero. Set t) = 0 and note that due to Cp > 0 it must be that P(t§ > 0) = 1.

Lemma 10. Assume that outside equity holders recover L > 0 upon liquidation at time 7. If and
only if:
2
P'(0) (u e ) <L
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liquidation is optimal at time t} in that T =t} and P(0) = L. Otherwise, T = co.

Proof. Liquidation at time t(l) yields the assumed liquidation value L, in which case P(0) = L. Next,
note that for ¢ = t§, we have that M; = Y; = 0. Thus, 7 > t} requires that vol(dM;) = vol(dY;) = 0
at t = t}. This implies that vol(dw;) = o and vol(dY;) = Bio — vol(dwt) = 0 so that 3 = 1. Thus,

7 > t} yields by (D.9) value:
2
PO =P (- "),

2

which was to show. It is clear that if liquidation is sub-optimal at time ¢ = t(l), it is also sub-optimal
at t =t for ¢ > 1, leading to 7 = oo. O

Because P'(0) > 0, it follows that liquidation 7 = t} is optimal if:

Lemma 11. If 7 = t{, then P(1 < 00) = 1.

Proof. Tt suffices to show that vol(dC) = (1 — B(C)) > 0 for all C € [0,C]. By (D.9), optimal
is given by:

B(C) = max{}, B(C)} with §°(C) = — P,(_CI;/IEC;” 0

It follows that B(C) < 1 as long as |P”(C)| is bounded. Due to P"” > 0, it follows that |P”(0)| <

oo = |P"(C)| < co. Hence, if liquidation at C' = 0 is optimal that 3(C) < 1 for all C € [0,C],
implying that P(7 < c0) = 1. O

Lemma 12. If 7 > t}, then P"(C) — —o00 as C — 0.

Proof. Suppose that at time ¢ = ¢}, we have that C; = 0. Note that (by arguments presented in
the proof of the previous Lemma) 7 > t} implies that 8(C) — 1 as C — 0. The HJB-equation
(D.9) implies that optimal § is characterized by:

_PI/(C)

B(C) = max{\, g*(C)} with 5*(C) := o P(C) = PIC)

Because P'(C) > 1 for all C € [0, C], the limit 3(C') — 1 requires P”(C) — —cc.

The proof is complete if we can show that there does not exist C' € (0,C) with P"(C) — —oo
as C' — C. Assume to the contrary that there exists C' € (0,C) with P"(C) — —oc0 as C' — C.
Then, it must be P(C') — P(C) with P solving the ODE:

rP(C) = P'(C) <<r - 1_‘SA> oo Pt u) (D.12)

C must satisfy the standard value matching, smooth pasting and super contact conditions:

lim P(C) = P(C)

c—C

lim P'(C) = P'(C)
Cc—=C

lim P"(C) = P"(C).
C—C
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Therefore: P"(C) = —oco. However, note that differentiating (D.12) yields:

G (15505 ).

implying that P'(C') = +oo. However, this implies — by means of (D.12) — that P(C) = +oo. It
then follows — by means of value matching — that lim,_, 5 P(C) = £o0, a contradiction. O

Corollary 3. 7 >t} = P(t=0o0) = 1.

Proof. This follows from the fact that vol(dC) = (1 — B(C)) — 0 as C — while EdC' — const > 0
as C = 0. Ul

E Additional Analytical Results

E.1 Proof of Corollary 1
All three claims are proven separately.
1. Proof. Differentiating the expression for * w.r.t. C yields

905 () = 2 o _pryprio) + PP().

Owing to P, P” > 0 and P"(C) = 0, there is C' := inf{C > 0 : 9¢S*(C) < 0} < C and
B* strictly decreases in an open left neighbourhood of C. As o — 0, clearly C — 0. By the
super-contact condition, it follows that P"(C) = o(C), while P'(C)P"(C) # o(C). Hence,
C’' 10 as 0 — 0, which proves that for o sufficiently low 8* decreases on [0,C). O

2. Proof. Note that for 8*(C) = 0 which immediately implies that there exists C = inf{C €
[0,C : B*(C) > A}. Tt is obvious that C' < C. Since 8*(C) > 0 forall C < C and C — C' > 0
as A — 0, it follows that C = 0. Thus, for A sufficiently small, it must be that C < C and
there exists exactly one value solving the equation S(C) = A, which completes the proof. [

3. Proof. Let us postulate that wages w follow a continuous Ito process:
dwt = ,uwtdt -+ O'wtdZt + §wthiUt.

We have to determine the drift p,: , volatility o,: and the dividend sensitivity &, taking
the optimal control ¢y = AV ¢t > 0 as given.

By definition: Y; = fj—gi. Using (11):
_pr 2
dWy —5(5750) dt + Bi(d Xy — pdt).

and (3):
dSt == T‘Stdt + dBt + dwt - Ctdt with Ct — T‘Wt,

it is straightforward calculate:

dY; = rYidt + £ (Bi0)?dt + prodZ; — duy.
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On the other hand, because ¢ = A is constant:

dY} _ thdCt _ )\dC't .
].—QOt 1-A

As dDiv; = max{C; — C, 0}, it follows that:

A

fwt: ﬁ

Next, we consider dDivy = 0. Taking (22) for dDiv; = 0:

dC, = <r _ 5) C,dt — %(5,50)26[75 + pdt + (1 — By)odZ;,

1—A
so that: \C \
_ t pr 2 _
dwt—Tl_)\dt-l- 9 (ﬁtO') dt+,6dZt 1_)\dCt.
we obtain after rearranging and collecting terms:
. ﬂ 2 )\(5015 _ Bt - A
dwy 1_)\x{2(5t0)+1_)\ AL dt+1_)\adZt.
N——
=Uwt =0Owt

E.2 Proof of Corollary 77

We prove all claims separately.

1. Proof. The formula for the stock-returns follows upon invoking Ito’s Lemma (under the op-
timal controls):

B dDivg + dP(Ct)
aR =
_ dDivy + EdP(Cy) + P'(Cy)(1 — B(Ct))o
B P(Cy)
P'(Cy)(1 = B(Ch))o
P(Cy)

=:3(C%)

=rdt +

where we used the HJB-equation under the optimal controls:

2. Proof. Recall that

5(C) = max{\, §"(C)} with () = — P,(_C];”EC;H o
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We can rewrite for 5(C) > A:

in which case
X'(C) o« 2P(C) (prP'(C) = P"(C)) P'(C)P"(C)
~ (P'(C))? x [P'(C)(prP'(C) = P"(C)) + P(C) (prP"(C) - P"(C))]
= —(P'(C))? x (prP'(C) — P"(C)) + o(P(C))

If liquidation is optimal, then P(0) = 0 so that ¥'(C') > 0 for C sufficiently small. If
liquidation is not optimal, then S(C) — 1 and X(C) — 0 as C' — 0 which immediately
implies that ¥'(C) > 0 for C sufficiently small.

Next, note that in a neighbourhood of C, we have that 3(C) = ), provided A > 0, in which
case it is clear that

P(C)
(C)=01-X
(€)= (- Nopc
decreases in this neighbourhood of C' (as P'(C') > 0 > P"”(C)). Otherwise, if A = 0, the claim
follows by continuity. O
3. Proof. Follows by continuity after taking the limit A — 1 (which leads to C' — 0). O

E.3 Proof of Corollary 2

We first establish auxiliary results and then prove all claims of the Corollary separately.

E.3.1 Auxiliarly Results
)

Here, 7 is an arbitrary model parameter and define 9, (-) = %—7'7.
We state the following auxiliary lemma;:

Lemma 13. For 7 =inf{t > 0: M; = 0} and dC}; = pucidt + ocrdZ; the following holds:

dP(C) 0P(C)
dn — On

P”(Ct)

/ e "t <P/(Ct)anHCt + 877‘7%1‘, — P(Ct)&ﬂ‘) dt
0

Proof. Let n a model parameter and 3, ¢ the optimal controls in optimum. Let C' € [0, C] and take

the derivative
dP(C)

dn
where 05P(C) = 0 by means of the envelope theorem.
Let P,(C) = 0,P(C) and P,,(C) = 0,,P(C). Accordingly, differentiating the HJB equation
(under the optimal controls) for any C € [0, C]:

= 0,P(C) + 0=P(C) x 8,C = 0,P(C),

rP(C) = poP(0) + Tt
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w.r.t. n yields:

P'(C
P(C)oyr =~ rPy(C) + P(@oync + LD a0t 1 e PyC) + 02P(C)

where Js P(C) = 9,P(C) = 0 by the envelope theorem. The boundary conditions are P, (C) =

Pg’ (C) = 0. Note that provided smoothnesss, we can interchange the order of differentiation, such

that:

9 OP(C) 9 9P(C) 9 9°P(C) 9 9P(C)

PC)= =——7% = d P/'(C)= =
=5 "ac ~ac o MO =502 oz an
We can solve for:
P EdP,
rP,(C) = (P’(C)@n,uc + ﬂanaé - P(C)f)m“) + dnt(c)
Invoking the Feynman-Kac formula yields the desired integral expression for P,(C). O
Lemma 14.
dC 1-2X — _ _
— = —= (Oypc(C) = rPy(C) — P(C)0yr) .
dn )
Proof. We evaluate the HJB-equation (23) at the boundary C = C:
a ) = Pr 2
Differentiate this identity wrt. n:
— — _.dC 0 dC —
/ o _ . as
P(C)0yr +1P,(C) +rP(C) a <T‘ T—x )\) a + Oyuc(C).

Note that P'(C') = 1 and rearrange:

flg _ % (0y110(C) = rPy(C) — P(C)ayr)
& 877/~LC(€) - TPn(é) - P(@)@nr.

E.3.2 Claim 1
Proof. Note that by Lemma 13:

P,(C)=0,P(C)=E [/T e—”( — prB2a P (Cy) +o(1 — ﬂt)QP”(Ct)>dt Co=C| <0.
0

Next, note that:

aUMC'(C) = —pT')\20.

Lemma 14 now implies that C increases in o, provided X or p or o is sufficiently small.
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Note that:

lim C =1,
A—1

as the HJB (23) would otherwise imply — due to P/(C) > 1 — a value P(C) < 0 for any C € [0,C].
Recall that by Proposition 2:
T=o00 as. <= 2u> pro’.

It follows that:

A=1A2u<pro’> = 7=0 as. = P,(C)=0.

Thus, if pro? > 24, then:
P,(C)—0 as A — 1.

uniformly for all C' € [0, C]. Thus, if pro? > 2u, we always find A € (0, 1), such that
ac x —prA? — P, <0,
do

which was to show. O

E.3.3 Claim 2
Proof. Note that by Lemma 13:

T /
P,\(C) =K [/ 67” [(—p?“)\O'QP/(Ct) - 02(1 — )\)P”(Ct)) 1{ﬁt=)\} — P(l(c'tl\c)éé} dt C() =C|.
0 _
Note that:
—prAa?P'(C}) — a*(1 = \)P"(Cy) >0 = S, > A,
so that:
P,\(C) < 0.
Clearly:
__ ¢ 2
e (C) = — Tyl pric® <0,
so that by virtue of Lemma 14: o
g
dA ’
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E.3.4 Claim 3
Proof. Look at the target cash-holdings M = C/(1 — \) and differentiate wrt. :

m_© 1
dx  (1—=X)2  1-Xd\
«C_ %
1—-A d)\
C _
:i 5 (3)\uc —TPA(O))
)\ 5 _
= 1 — — pric” —rPy(C)

( )(TP,\ 6) r)\a )(6)
)
x —P\(C) — prac?.

Recall that by Lemma 13:
Pe=E [/ " [("“"QP (Cr) — 0*(1 = NP (C) Lggmny — W } dat
0 —

so that Py < 0 also in the limit A — 0 or p — 0. Therefore, for A — 0, it follows that dM /d\ > 0
implying that dM /d\ > 0 for X or p sufficiently small.
On the other hand, it follows that if 2u < pro?:

Co = C],

lim7=0 as. = lim P\(C)=
A—1 A—1

Hence, by continuity, for p and X sufficiently large: dM /d\ < 0. O

F Proof of Lemma XXX

We will now show that this is However, we assume that the insider cannot commit to inject funds
during a refinancing event and may falsely report the amount that she contribute. Crucially, new
outside investors do not observe how much cash the insider contributes during refinancing or when
the insider fails to inject any cash at all, implying that outsiders’ contributions AM cannot be
contingent on the insider’s contributions. As a result, refinancing is subject to moral hazard.
Therefore, the rewards a and  are set to provide sufficient incentives to the insider.

To make the argument in the preceding paragraph more precise, consider the insider’s available
actions when the firm has cash M; and future promised payouts to the insider worth Y; (i.e.,
Cy = M; — Y;). When a refinancing opportunity arises over [¢,t + dt], that is, dII; = 1, the insider
may abscond with the total cash-balance M; + AM and renege to inject funds, just after outside
investors contribute amount AM.

Absconding yields i) a bonus payment, if ay > 0, and ii) diverted funds AMy g4 = A(M; + Ay).
Because the insider optimally reneges to inject cash, in case she absconds, absconding yields in
total payoff \(M; + A;) + max{ay, 0}, whereas complying to the payout agreement yields payoff
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Yivar = Vi + v + ap. This leads to the incentive condition
)\(Mt + At) + max{ozt, 0} < }/t + oy + Yt - (Fl)

Notably, (33) reveals that bonus payments oy > 0 do not generate incentives in that a; cancels
from the incentive condition, if positive. By contrast, a; < 0 even tightens incentive compatibility
(F.1) and so generates dis-incentives. Because the risk-averse insider is in addition financially more
“constrained” than the new risk-neutral outside investors, it is sub-optimal to ask her to contribute
funds during the refinancing event, and thus oy > 0.

Hence, the appropriate incentives during refinancing require promising the insider a sufficiently
large deferred compensation package Y; +; just after refinancing, implying that Y; (or equivalently
©t) or v, must be large. Since the incentive constraint (33) tightens when more funds A; are raised,
the firm might decide to raise less funds due to agency conflicts. Thus, at the optimum, (33) holds
with equality and oy > 0, so as to minimize the agency costs associated with the payout agreement.

G Sketch of the Proof of Proposition 3

Proposition 3 can be proven exactly the same way as Proposition 2. We mainly present here
heuristic arguments that lead to the key equations. A standard verification proof can be applied
to verify the correctness of the heuristic arguments.

G.1 Partl

Proof. Here, we derive the law of motion for the continuation utility (8). Like in Proposition 1, the
martingale representation theorem can be applied to derive a stochastic differential equation for U.
Specifically, by the martingale representation theorem, there exist processes 3,1" such that:

dU; = rUdt — U(Ct)dt + ﬁt(—p’l“Ut)(dXt — udt) + Ft(—pTUt)(dHt — Wdt).
First, note that — due to consumption smoothing — rU; = u(c;) so that
dUt = ﬂt(—pTUt>(dXt — /,Ldt) + Ft(—pTUt)(dHt — ﬂ'dt)

Take the continuation value in monetary units (certainty equivalent)

—In(—pr0U)
= 1
W)= = (@)
and apply Ito’s Formula to obtain:
In(1 — pr"
AW = ’;l(ﬁo—)Zdt + BodZ — “(prpr)dn — Tdt.
Define: R
~ — _ —prl’
P _ln(l prT) e Do (1—e )’
pr pr
leading to: )
. 1— —prT’
AW = %T(ﬁa)%lt + BodZ + DdIl — ”(pi>dt.
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Next, we decompose

=« + 7,
which yields (34).
Next, we can calculate
pr 9 A (1 — el
dY =dW —dS =rYdt — dw + ?(50) dt + BodZ + T'dIl — Tdt.

By assumption, cash holdings evolve according to:
dM = (r — §)Mdt + pdt + odZ + AMdIl — dDiv — dw,
where we define A := AM — o. As a result, direct calculations yield:

dC = dM — dY = pcdt + (1 — B)dZ + (A — 4)dII — dDiv

with (@)
(9 P e (1 —emret)
he = ( 1_¢) R (G.2)
which is (35). O
G.2 PartII

Let us heuristically derive the HIB equation (37). The fact that the outside equity value under the
optimal payout agreement indeed solves (37) can be verified using the arguments presented in the
proof of Proposition 2

Proof. As shown in the proof of Proposition 2, we conjecture that C' is a sufficient statistic for the
optimization problem. We also conjecture that dividends take the form dDiv = max{C — C,0}
where C' is the endogeneous payout boundary, determined by the standard smooth pasting and
super contact conditions:

P'(C)—-1=P'(C)=0.

Under these conjectures, by the dynamic programming principle, the outside equity value must

solve the HJB equation on [0, C]:

rP(C)dt = max  EdP(C).
B2 >N a,7,A

Under the conjecture that P only depends on C', we can expand by means of Ito’s Lemma, yielding:

2 1— /8)2
P(C) = P P(C+A—n)— P(C) - A—a] + Py 2B
which is equation (37), as desired. If the controls only depend on C, the right hand side only depends
on C for any . In this case, P(C) only depends on C and so do the derivative P'(C), P”(C). Then,
the controls all depend only on C' and so does then the left hand side, i.e., P(C). That is, P only
depends on C, thereby verifying our conjecture that C' is the only payoff relevant state. 0
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G.3 Part III
Let us characterize the termination policy 7.

Lemma 15. Liquidation at the first time cash holdings fall down to zero is optimal if and only if:

pro? (1 — e Pr(a0)+7(0))
P0) (u -yt o ) +7(P(A(0) = 4(0) = A(0) = a(0) 0. (G.3)

In this case, P(T < oc0) = 1. Otherwise, if (G.3) does not hold, T = oo almost surely. Moreover:

2u > pro? = T =00 a.s. .

Proof. By (37), it follows in all state C' > 0 that Y = AM. As Cy > 0 (see proof of Proposition 2),
it follows that
M=Y=0 <+ C=0.

To preclude liquidation at C = 0, it must be that:
vol(dY) =wvol(dM) =0 = [ =1,

as neither M nor Y can fall below zero. By the HJB equation (37), this yields payoff

, pr02 (11— e_PT(O‘(O)""V(O))
£ (M — T p ) +m(P(A(0) = (0)) = A(D) ~ o(0),

while liquidation yields payoff zero. Thus, P(7 = oo0) = 1 is optimal if and only if (G.3) is not met.
Last, note that because under the optimal controls

m(P(A(0) =~(0)) = A(0) = a(0) = 0,

the parameter condition 2u > pro? readily implies that (G.3) is not met, thereby concluding the
proof. O

H Additional Results with Refinancing

Define:
m(1 — ePricet)

pr

_ _pr 2
1_90t> th +'LL 9 (Bto') +

Top- = m(P(Cp- + Ay =) = P(Cp-) — A — o).

Hog= =\ T

Taking the HJB equation (37), it is straightforward to show — mimicking the proof of Lemma 13
— that:

Lemma 16. For 7 = inf{t > 0: M; = 0} and dC; = pcy-dt + ocy-dZy + Jy—dll;:

dP(C T P"(C,-
d(n ) _g /0 ot (P'(ct_)anuCt_ + g”anagt_ T P(C’t_)anr> dt|co = | .
Proof. The proof is identical to the proof of Lemma 13 and therefore omitted. O
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H.1 Proof of Corollary 7?7

Proof. Tt follows from the main text that C*(C) = C and that y(C) = 0. The optimal « solves
81;7(5) = 0 and it is immediate to derive (?7). Claim 1 is immediate because of the concavity of the
value function.

To prove claim 2, it suffices to show that:

dP'(C)
do

<0

for any fixed C € (0,C). By Lemma 16:

dP(C)

=K
do

Co=0C

| e (= oretaP (o) + ot = BRPC) )t

Because of 2u > pro?, it follows by Lemma 15 that 7 = cc.
Take the integrand:

—PrﬁtQUP/(Ct—) +o(1- ﬂt)QP”(Ct—) X —PrﬁtQP,(Ct—) +(1- 5t)2P”(Ct—) =: A(C-, Br)
Note that — by virtue of (37) — in any state C' = C-:

B = arg min A(C, B).

Fix any 3 = 3 € [0,1] and note that:
dcA(C, B) = —prB®P"(C) + (1 - B)*P"(C) > 0,

in that for all 3 € [0,1], A(C, B) increases (in the interior of the state space (0,C)). Thus, for any
C,Cy € (0,6) with Cq < Cy:

A<Cla6) < A(027B) = gI;IAIA(Cl,,B) < A(CQ7B)
As this holds for all 3, it must be that:

Iﬂnzlg\lA(Cl)B) < Iﬂnzlg\lA(CE?B)?

implying that A(C, ) increases in C. Because 7 = oo, dP(C)/do increases in C if its integrand
A(C, B) increases in C'. As a result:

0 dP(C) _ dP'(C)

oC do do >0,

where we have interchanged the order of differentiation as P € C? is smooth in state and parameter
variables. O

H.2 Proof of Corollary

The optimal refinancing policy is determined after going through the optimization implied by the
HJB equation (37). The steps leading to the results are already presented in the main text and so
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not repeated here.

We prove all remaining claims (i.e., claims 1,2,3) separately.

1. Proof. We partition the state space such that [0,C] = S1USs with S; := {C € [0,C] : a(C) =

0} and Sy :={C € [0,C] : a(C) > 0.
First, consider a(C) > 0, i.e., consider C' € Sy. In this case C = C*(C) and

ANC -C c-C
7= My mda=
decrease in C. In addition,
_ In(P(C)) MNC-0)
OZ(C) - or 1— )\ )
so that: (PO
AM(©) = a@) +a(0) = 2D oo

also decreases in C, as P"(C) <0.

Second, consider a(C) = 0, i.e., consider C' € S;. In this case, AM(C) = A(C) and (C) =
AA(C). Assume to the contrary that there exist Cq,Co € &1 with C7 < Cp and A(Ch) <
A(Cs). This clearly implies C*(C3) > C*(C1), so that P'(C*(Cs)) < P'(C*(C1)) by concavity.
Likewise: P'(C2) < P'(C1). As C; € 81, it must be that:

PCH(C)) = 1+ ﬁ [1- P(C)e 2] for e (1.2),

which implies (after subtracting the two equalities):

P/(C*(Cy) = P/(C(C)) = t— g = (P/(Co)e (@) — p(oy)eemal@n)
The left-hand side is bigger than zero. The right hand has the same sign as:
P/(CQ)e—prA(Cg) o P/(Cl)e—prA(Cl) < e—prA(Cz)(P/(C2) o P/(Cl)) < O,

where the first inequality uses A(Cy) > A(C1) and the second one P'(Cy) < P'(Cy). Thus,
we have achieved the desired contradiction, which concludes the proof.
0
2. Proof. Because of C*(C) < C, it follows that C*(C) = 0 and C*(C) > 0 for C < C. The
claim follows by continuity. O
3. Proof. If a(C) > 0, i.e., C' € Sy, then C' = C*(C) and the claim follows.
If (C) =0, ie., C €8, then C*(C) solves

PICH(C) =1+ % [1-P(C)e O] with AC) =

C*(C) - C
)
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We implicitly differentiate wrt. C and obtain:

P//(C*)ac* B )\e—prﬁ[C*_C] _P//( )+ pr)\ P/(C> oC™* .
aC —  1-2A TN aC ’
so that:
A * A *
oC* . prA Ne PrieR[CTC B Ne reRlCTC y pra
oC (P(C) 1f>\P(C) 1—)\ a 11—\ PHC) 1fAP(C) ’

Next, note that owing to P”(C) <0< P'(C)V C < C:

Ae—prﬁ [C*-C]

>0
1—A
A *
by by —Prj[c —C]
P"(C") - 1pi P (C) ¢ 11_ <o

As a result, % has the same sign as:

prA
1—A

P'(C) + P/(C) = P"(C) + o(p)).

Note that P”(C') < 0 with P”(C) > 0. Thus, if p or A sufficiently small and C' < C, then:

oCc
oC

<0,

which was to show. O

. Proof. Invoke Lemma 16 to write:

dP(C)

i = ]E[/ et (Xl(ct)l{ﬁt:)\} + XQ(Ct)].{at:()}) dt‘CO = C} <0,
0

for some endogeneous bounded, continuous, negative functions X;(-) with ¢ € {1,2}. As
B(C) > 0 forall A > 0 for C < C, it follows that X1 (Cy)1yg,=x; — 0 for all £ > 0 almost surely
as A — 0. Likewise, as a(C) > 0 for all C' € [0, C) if A — 0,it follows that X5(Cy)114,—0y — 0
for all t > 0 almost surely as A — 0. As a result, dP(C)/d\ — 0 as A — 0. As this holds for
any C, it follows that dodP(C)/d\ = dP'(C)/d\ — 0 as A — 0 (where we have exploited the
sufficient smoothness to interchange the order of differentiation). Hence, dP’'(C)/d\ = o(\).

Next, consider a(C) = 0, i.e., C € 81, in which case the claim regarding « follows and C*(C')
solves:

PCH(C) =1+ ﬁ 1= PI(C)emO)] ywith A(C) = cgc_);c
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We differentiate this identity wrt. A and obtain:

dC*(C)

d\

_ AP'(C)d(AA(C))  Xe PR gp'(C)

1 P/ prAA(C) pr o )
(C)e T dA 11—\ )

P(C(C))

1
(1-=X)?

Calculate:
d(AA(C))  C*(C)-C A dCH(O)

7 S S A )Y

Hence, we obtain:

(Prieren - 2500 ) 2

d\
1 i —pmaa(@)] |, PPAP(C) CH(C) = C e P (C)
IEEDYE 1P |5 (1— )2 o B

Owing to C € 8; and «(C) = 0, it follows that [1 — P/(C)e™?™A()] > 0. For C sufficiently
small, we have shown that dP'(C)/dA\ = o()) so that —222 QAP — (3 Thus, the
RHS of (H.1) is positive for A sufficiently small. On the other hand, due to concavity:

A prAP(O)
1—XA 1-2AX

P(C(C)) <0,

implying that o

dA\
Consider that «(C) > 0, i.e., C € Sz. Under these circumstances, C*(C) = C so that the
claim regarding C*(C) follows. In addition:

<0 for A sufficiently small.

o)~ MP(C) _AC-0C)

or 1—A
so that: o
da(C) ~  C-C n 1 dP(C)
dx (1 =XN2  prP/(C) dX
which is strictly negative for X sufficiently small, because of dP'(C)/d\ = o(\). O
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I Supplementary Appendix

1.1 Endogeneous Carry Cost of Cash
Assume there is a disastrous shock that wipes out all cash and liquidates the firm. The Poisson

shock N arrives with intensity d > 0. In addition, cash holdings grow at interest.

Continuation Value. By the martingale representation theorem, there exist processes 5,7 such
that:
dU; = rUdt — U(Ct)dt + ﬁt(—pT‘Ut)(dXt — Mdt) — nt(—p’l“Ut)(dNt — 5dt)

The insider consumes according to rU; = u(ct) so that:
dUt = ,Bt(—pT’Ut)(dXt - ,U,dt) - T]t(—pTUt)(dNt - (Sdt)

For | U
W) = —nert),
pr

we can derive using Ito’s Lemma:

In(1+ P”?t)dNt
T

T
AW, = %(6t0)2 + Bu(dX; — pdt) + 1y —

Define Y; = W; — S;. In case of sudden liquidation with dN; = 1, the insider looses Y; so that:

Y, — In(1+ prm)7
pr

which can be solved for:
exp(prY;) — 1

= Y:) =
ne = n(Yt) p

Note that n/(Y) > 0.
State Variables. Derive
dY;g = th — dSt = %(,3,%7)2 + Bt(dXt — /,Ldt) — T'Y;jdt — dwt - Y;ngt -+ ntédt
Cash holdings follows (2):
th = T‘Mtdt + O'dZt - dDiUt - dwt - Mtht,
so that
t — ’I“Ctdt - 57](}/,#,) + m— ?(,BtO') dt + (]. - Bt)O'dZt - dDZUt - Ctht.

Hence, the endogeneous carry cost of cash are given by 0n(Y’) and increase in the extent of deferred
compensation:

C
Y, = Pt t'
1—
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HJB equation. We obtain the HJB equation on [0, C]:

(r+0)P(C) = max {P’(C) [rC —on (f_i)) _ %(ﬂg)Q + u] 4

o2(1 — B)2
i P”(C)}. (L1)

subject to P'(C) — 1 = P"(C). Clearly, as n'(Y) > 0, it is optimal to set ¢ = X. As a result, the
HJB equation is fairly similar to (23). Conclusively, we do not expect qualitatively different results
if we endogenize the carry cost of cash.

1.2 Same interest for savings

Let us assume that the insider’s savings also grow at the interest rate » — ¢ in that:

dS; = (T — (5)Stdt — ¢ dt + dwy.

Consumption smoothing. The following Lemma characterizes the insider’s consumption under
this specification.

Lemma 17. Let w an Ito process. Consider the problem

U; = max Et</ e_T(S_t)u(cS)dS>
{C}szt t
subject to dSy = (r — 0)Sidt — ¢idt + dwy  and tli}rn eS8, =0 a.s.

The solution {c} then satisfies (r — §)Ur = u(ct) for any t > 0.

Proof. By standard arguments (see e.g. Di Tella and Sannikov (2016) for this result in a dynamic
contracing framework), the Euler equation reads

U (cy) = Egue(@s)e 06—

for any t < s’ < s, which implies that discounted marginal utility u’ (cs)e*‘ss follows a martingale.
Due to CARA preferences it follows that marginal utility «/(-) is proportional to flow utility w(-),
so that u(cs)e% is also a martingale. Hence,

U, = Et</ e_r(s_t)u(cs)ds>
t
(/ e—r(s—t)e§se—55u(cs)ds>
t

= /too e TR (e_‘ssu(cs)>ds

—r(s—t) eésef&u(ct)ds

Il
&=

I
o

which was to show. O
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Continuation Value. Regardless of the interest rate, (9) remains valid in that:
dU; = rUdt — u(c)dt + Bi(—prU) (d Xy — pdt),
which becomes by virtue of Lemma 17 under the optimal consumption c:
dUy = Udt + Bi(—prUs)(d Xy — pdt).

For | U
W)= —meert),
or

we can derive using Ito’s Lemma:

o
AW, = L2 (Bio)? + Bu(d X, — pdt) — —.

por
State Variables. Derive
pr 9 o
dY; = th — dSt = ?(5150) + Bt(dXt - ,udt) - E - (7“ — (5)Y2dt — dwt.

Cash holdings follows (2):
th = ((7’ — (S)Mt + M)dt + O'dZt — dD’i'Ut — dwt — dbt,

so that 5
dC; = (r — §)Cydt + <u o p;(ﬂta)2> dt + (1 = Bt)odZ; — dDivy.

HJB equation. Notably, dC; does not depend on ¢ =Y /M so t&at we may in optimum (without
loss of generality) set ¢ = A\. We obtain the HJB equation on [0, C|:

5] N o*(1 - B)?

rP(C) = max {P’(C) [(r —8C - %(50)2 e >

B=A

P”(C)} . (L.2)

subject to P/(C) —1 = P"(C). The HIB equation is fairly similar to (23). Conclusively, we do not
expect qualitatively different results if the insider earns interest at rate » — § rather than r.
1.3 Determining the optimal refinancing policy

To start with, note the model solution is fully characterized by an equilibrium domain, which is
fully described by the payout boundary C, the value function P, the controls a, 3,7, on this
domain as well as the refinancing policy C*. We solve for the optimal refinancing policy iteratively.
That is to say, we perform the following steps:

1. Solve the model without refinancing, i.e., for 7 = 0, which yields the solution triple (P°, 5%, @, 60).
Set i — 1. Set the default refinancing policy Cg — 0 and (ag, o) — (0,0).

2. Solve the HJB-equation, taking the optimal refinancing policy o, , 3,7, ;i and C; as given.
This yields the solution (P, C, 3, ¢).

3. Given (P,C, 3, ), calculate the optimal refinancing policy (C*,a*,v*).
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4. Set i — i+ 1 and (P, a, Bi,vis 0is Ci, CF) = (Pa*, B,7*, ¢, C,C*)

5. If

1P = Pia]|&>) < e

for some tolerance € > 0, the solution is obtained. Otherwise go back to step 2. Here, ||- H([fé’b]

is the supremum norm on the interval [a, b].
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